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Abstract— This paper deals with information capacities
of Gaussian channels under small (but nonvanishing)
peak power constraints. We prove that, when the peak
amplitude is below 1.05, the capacity of the scalar
Gaussian channel is achieved by symmetric equiprobable
signaling and is equal to at least 80% of the corresponding
average-power capacity. The proof uses the identity of
Guo, Shamai and Verdú that relates mutual information
and minimum mean square error in Gaussian channels,
together with several results on the minimax estimation
of a bounded parameter in white Gaussian noise. We also
give upper and lower bounds on peak-power capacities of
vector Gaussian channels whose inputs are constrained
to lie in suitably small ellipsoids and show that we
can achieve at least 80% of the average-power capacity
by having the transmitters use symmetric equiprobable
signaling at amplitudes determined from the usual water-
filling policy. The 80% figure comes from an upper bound
on the ratio of the nonlinear and the linear minimax risks
of estimating a bounded parameter in white Gaussian
noise.

I. INTRODUCTION

Consider the scalar Gaussian channel

Y = X + Z, (1)

where X is a real-valued random input andZ ∼
Normal(0, 1) is independent ofX. If the input X is
restricted to the interval[−√

ρ,
√

ρ] for someρ > 0,
we say that the channel is constrained to peak input
powerρ. We can define the capacity of (1) under this
constraint by

CP (ρ)
△

= sup
X∈[−√

ρ,
√

ρ] w.p.1
I(X;X + Z), (2)

where the supremum is over all random inputsX that
are bounded between−√

ρ and
√

ρ with probability
one (w.p.1). Channels with input peak power constraints
are important from the practical point of view as they
describe situations where the transmitter has a limited

energy budget. A general solution to (2) is not avail-
able. However, Smith [1] showed that, for eachρ, the
capacity-achieving distribution is unique and discrete
with finite support in[−√

ρ,
√

ρ]. He also showed that,
for

√
ρ ≤ 0.1, the capacity is achieved by symmetric

equiprobable signaling, i.e., by the distribution that
places equal mass on the points±√

ρ.
In this paper, we study the capacityCP (ρ) for

small (but nonvanishing) values ofρ. We use a re-
markable recent result of Guo, Shamai and Verdú [2]
that relates mutual information in Gaussian channels
to minimum mean-squared error (MMSE) estimation,
and then connect the problem of findingCP (ρ) to
the problem known in statistics under the heading of
minimax estimation of a bounded normal mean[3]–[6].
In fact, the Gaussian channel (1) plays as prominent a
role in theoretical statistics as it does in information
theory. For example, a whole class of nonparametric
statistical estimation problems can be reduced to the
problem of estimating a sequence of parameters cor-
rupted by additive Gaussian white noise (for details and
further references see, e.g., an excellent set of notes by
I. Johnstone [7]).

In this paper, we make the following contributions:

• We prove that symmetric equiprobable signaling
achieves capacity for allρ satisfying

√
ρ ≤ 1.05.

This improves on the result of Smith, who gave
the bound

√
ρ ≤ 0.1.

• We prove that, for
√

ρ ≤ 1.05, the peak-power
constrained capacityCP (ρ) is equal to at least 80%
of the correspondingaverage-powerconstrained
capacity

CA(ρ)
△

= sup
X:E X2≤ρ

I(X;X + Z) ≡ 1

2
log(1 + ρ).

• We demonstrate that, for
√

ρ ≤ 1.05, the relation
between the peak- and the average-power con-
strained capacitiesCP (ρ) andCA(ρ) is analogous



to that between nonlinear and linear minimax es-
timation of a parameter in the interval[−√

ρ,
√

ρ]
from an observation corrupted by additive Gaus-
sian noise.

• We derive bounds on the capacity of vector Gaus-
sian channels whose inputs are constrained to lie
in suitably small ellipsoids, and show how to do
at least as well as the lower bound using a simple
suboptimal signaling scheme.

The paper is organized as follows. In the remainder
of this section, we define the notation used throughout
the paper. Section II contains the necessary background
from statistics on the problem of minimax estimation
of bounded normal means. Then, in Section III we state
and prove our main results on the capacity of Gaussian
channels under small peak power constraints.

A. Notation

We shall use the following notation.Mn will denote
the set of all Borel probability measures onR

n; when
n = 1, we shall simply writeM. If a vectora ∈ R

n

hasai ≥ 0 for all 1 ≤ i ≤ n, then we shall writea � 0.
Given someρ,w ∈ R

n satisfyingρ,w � 0, we define
the sets

Θρ
△

= {x ∈ R
n : |xi| ≤

√
ρi, 1 ≤ i ≤ n}

and

Λw
△

=

{

x ∈ R
n :

n
∑

i=1

wix
2
i ≤ 1

}

in R
n. Whenn = 1 andρ = 1, we shall writeΘ instead

of Θ1 ≡ [−1, 1]. Given any closed subsetS of R
n, we

denote byMP (S) the set of allπ ∈ Mn with support
in S:

MP (S)
△

= {π ∈ Mn : supp(π) ⊆ S} ,

and byMA(S) the set of allπ ∈ Mn, such thatX ∼ π
lies in S in the mean square sense:

MA(S)
△

=

{

π ∈ Mn :

(
∫

x2
1π(dx), · · · ,

∫

x2
nπ(dx)

)

∈ S

}

.

Whenn = 1 andS = Θ, we shall writeMP andMA

instead ofMP (Θ) andMA(Θ), respectively.

II. BACKGROUND ON MINIMAX ESTIMATION

In this paper, we use several results on minimax
estimation of bounded normal means [3]–[7]. This
section contains a brief summary of these results.

A. The scalar case

Consider the problem of estimating a deterministic
parameterx ∈ Θρ ≡ [−√

ρ,
√

ρ] from a single noisy
observationY = x + Z, whereZ ∼ Normal(0, 1). An
estimatorϕ∗ : R → R is calledminimaxif

sup
x∈Θρ

E
{

(x − ϕ∗(Y ))2
}

= R∗
N (ρ),

where

R∗
N (ρ)

△

= inf
ϕ

sup
x∈Θρ

E
{

(x − ϕ(Y ))2
}

(3)

is theminimax riskat ρ. The infimum in (3) is over all
measurableϕ : R → R. The subscriptN indicates the
fact that arbitrary, nonlinear estimators are allowed.

It is not hard to show that the worst-case risk of
estimating adeterministic x ∈ Θρ is equal to the
worst-case MSE of estimating arandomX distributed
according to someπ ∈ MP (Θρ) independently ofZ.
Any distributionπ ∈ MP (Θρ) that achieves the worst-
case MSE is called aleast favorable prior distribution
(or simply least favorable prior) for the problem of
estimating a bounded normal mean. Letδx denote the
Dirac measure (point mass) concentrated atx ∈ R.
Sinceδx ∈ MP (Θρ) for everyx ∈ Θρ, and since the
setMP (Θρ) is convex, every measurableϕ : R → R

satisfies

sup
x∈Θρ

E
{

(x − ϕ(Y ))2
}

= sup
π∈MP (Θρ)

∫

E
{

(x − ϕ(Y ))2
}

dπ(x)

≡ sup
π∈MP (Θρ)

R(ϕ, π),

whereR(ϕ, π)
△

= E
{

(X − ϕ(Y ))2
}

is the MSE of the
estimatorϕ when X ∼ π. Hence, we can express the
minimax risk (3) as

R∗
N (ρ) = inf

ϕ
sup

π∈MP (Θρ)
R(ϕ, π).

Since bothMP (Θρ) and the set of all measurableϕ :
R → R are convex, we can invoke the minimax theorem
[8] (see also Appendix A in [7]) to get

R∗
N (ρ) = sup

π∈MP (Θρ)
inf
ϕ

R(ϕ, π). (4)

For a fixedπ ∈ MP (Θρ), the infimum overϕ on the
right-hand side of (4) is the MMSE achievable by any
estimator ofX ∼ π based onY = X + Z, or, using
statistical terminology, theBayes riskat π. We shall
denote it byB(π). An estimatorϕ : R → R that
satisfiesR(ϕ, π) = B(π) is said to beBayesrelative to



π. It is well-known that the MMSE is achieved by the
conditional meanϕπ(y) = E{X|Y = y}:

B(π) = R(ϕπ, π) = E

{

(X − E{X|Y })2
}

.

That is,ϕπ is Bayes relative toπ.
An important consequence of the minimax theorem

is the existence of asaddlepoint, i.e., a pair(ϕ∗
ρ, π

∗
ρ),

such that, for any otherϕ : R → R andπ ∈ MP (Θρ),
we have

R(ϕ∗
ρ, π) ≤ R(ϕ∗

ρ, π
∗
ρ) ≤ R(ϕ, π∗

ρ). (5)

The second inequality in (5) implies thatR(ϕ∗
ρ, π

∗
ρ) =

B(π∗
ρ). Together with the first inequality in (5), this im-

plies thatB(π) ≤ B(π∗
ρ) for any otherπ ∈ MP (Θρ).

In other words,π∗
ρ has the largest Bayes risk among

all π ∈ MP (Θρ). For this reason,π∗
ρ is referred to as

the least favorable prior. Thus, R∗
N (ρ) = B(π∗

ρ) =
R(ϕ∗

ρ, π
∗
ρ). The estimatorϕ∗

ρ is called theminimax
estimatorfor the problem at hand.

No general expression is known for the minimax risk
R∗

N (ρ). However, there are some partial results and
bounds. For example, from symmetry and analyticity
arguments (see, e.g., Ghosh [9]) it follows that the least
favorable priorπ∗

ρ is unique and discrete with a finite
support. Casella and Strawderman [3] proved that, for√

ρ ∈ (0, 1.05], π∗
ρ is given by the symmetric two-

point distribution(1/2)(δ−√
ρ+δ√ρ). Moreover, for any

ρ > 0, we can get upper and lower bounds onR∗
N (ρ)

in terms of thelinear minimax risk

R∗
L(ρ)

△

= inf
c∈R

sup
x∈Θρ

E
{

(x − cY )2
}

≡ inf
c∈R

sup
π∈MP (Θρ)

E
{

(X − cY )2
}

.

Using calculus, one can prove that the minimax linear
risk and the corresponding minimax linear estimator are
given by

R∗
L(ρ) =

ρ

ρ + 1
and ϕL

ρ (y) =
ρ

ρ + 1
y. (6)

It is clear thatR∗
N (ρ) ≤ R∗

L(ρ). A surprising fact is
that R∗

L(ρ) is not much larger thanR∗
N (ρ). Let µ(ρ)

denote the ratioR∗
L(ρ)/R∗

N (ρ), and let

µ∗ △

= sup
ρ>0

µ(ρ) ≡ sup
ρ>0

R∗
L(ρ)

R∗
N (ρ)

(7)

be the worst-case ratio of the linear and the nonlinear
minimax risks. Donoho, Liu and MacGibbon [6] ob-
tained the boundµ∗ ≤ 1.25 via numerical computation;
they dubbedµ∗ the Ibragimov–Has’minskii constant
because Ibragimov and Has’minskii [5] first introduced
the functionµ(ρ), described several of its properties,

and proved thatµ∗ < +∞. Gourdin, Jaumard and
MacGibbon [10] later used more sophisticated numer-
ical methods to get more precise bounds1.246509 ≤
µ∗ ≤ 1.246609.

The minimax linear riskR∗
L(ρ) can be alternatively

introduced through the so-calledminimax Bayesframe-
work, which originated with the work of Pinsker [11] on
minimax filtering of smooth functions in white Gaus-
sian noise. Its main idea is to construct an appropriate
relaxation of the constraint on the distribution ofX,
which can lead to useful (and, possibly, asymptoti-
cally tight) bounds on the original minimax risk. For
the problem at hand, we can apply this reasoning as
follows. Instead of assuming thatX ∈ Θρ w.p.1, let
us consider the case whenX belongs toΘρ in mean
square, i.e.,X ∼ π for someπ ∈ MA(Θρ). Then we
define theminimax Bayes riskat ρ via

R∗
B(ρ)

△

= inf
ϕ

sup
π∈MA(Θρ)

R(ϕ, π).

SinceMP (Θρ) ⊂ MA(Θρ), we haveR∗
N (ρ) ≤ R∗

B(ρ).
Moreover,MA(Θρ) is convex, so we can apply the
minimax theorem again to get

R∗
B(ρ) = sup

π∈MA(Θρ)
inf
ϕ

R(ϕ, π)

= sup
π∈MA(Θρ)

B(π).

Now, let Φρ denote the normal distribution with mean
zero and varianceρ. ThenΦρ ∈ MA(Θρ), and it is an
easy consequence of the Cramér–Rao bound [12] that

sup
π∈MA(Θρ)

B(π) = B(Φρ) =
ρ

ρ + 1
,

which is precisely the linear minimax riskR∗
L(ρ). Thus,

the linear minimax riskR∗
L(ρ) is also the minimax

Bayes riskR∗
B(ρ), and that the linear minimax esti-

mator in (6) is Bayes relative to the Gaussian priorΦρ.

B. The vector case

Now we pass to the vector (or multivariate) case.
Consider the problem of the minimax estimation of an
n-dimensional vectorx ∈ Θρ, whereρ ≻ 0,1 from a
vector of noisy observationsY = x + Z, where Z

is a vector ofn independent standard Gaussians. Just
as before, we can express the corresponding minimax
risk in terms of the worst-case MMSE (or Bayes risk)
achievable in estimating a random vectorX that lies in

1We assume that the components ofρ are strictly positive because
otherwise we can reduce the dimension of the problem by|{1 ≤
i ≤ n : ρi = 0}|.



Θρ w.p. 1 fromY = X + Z, whereZ is independent
of X. The corresponding minimax risk is

R∗
N (ρ)

△

= inf
ϕ

sup
x∈Θρ

E ‖x − ϕ(Y )‖2

≡ inf
ϕ

sup
π∈MP (Θρ)

E ‖X − ϕ(Y )‖2 ,

where the infimum is over all measurableϕ : R
n →

R
n. Once again, an application of the minimax theorem

leads to

R∗
N (ρ) = inf

ϕ
sup

π∈MP (Θρ)
R(ϕ, π)

= sup
π∈MP (Θρ)

inf
ϕ

R(ϕ, π),

where R(ϕ, π) is the MSE of ϕ relative to π. To
characterize the least favorable prior, we note that (i)
Θρ is the Cartesian productΘ(ρ1) × · · · × Θ(ρn), and
(ii) the risk is additive, i.e.,

R(ϕ, π) =
n

∑

i=1

E

{

(Xi − ϕi(Y ))2
}

,

whereϕi(Y ) is theith component ofϕ(Y ). Using this,
it is not hard to show (see, e.g., Chapter 6 in [7]) that,
if we take anyπ ∈ MP (Θρ) and letπ̄ be the product
of its marginal distributions, then the Bayes risk ofπ̄
will be at least as great as that ofπ: B(π̄) ≥ B(π).
This in turn implies that:

1) The least favorable prior is the product distribu-
tion π∗

ρ = π∗
ρ1

× · · · × π∗
ρn

.
2) The corresponding minimax estimatorϕ∗

ρ is sep-
arable, i.e.,ϕ∗

ρ(y) = (ϕ∗
ρ1

(y1), · · · , ϕ∗
ρn

(yn))T .
3) The minimax riskR∗

N (ρ) is the sum of cor-
responding scalar minimax risks:R∗

N (ρ) =
∑n

i=1 R∗
N (ρi).

As for the linear minimax risk

R∗
L(ρ)

△

= inf
C∈Rn×n

sup
x∈Θρ

E ‖x − CY ‖2

≡ inf
C∈Rn×n

sup
π∈MP (Θρ)

E ‖X − CY ‖2 ,

where the infimum is over alln × n matricesC with
real entries, it can be shown that it suffices to consider
only diagonal matrices with diagonal entries bounded
between 0 and 1, and thatR∗

L(ρ) =
∑n

i=1 ρi/(ρi +
1) (see, e.g., Chapter 7 in [7]). Moreover, the linear
minimax risk coincides with the minimax Bayes risk

R∗
B(ρ)

△

= inf
ϕ

sup
π∈MA(Θρ)

R(ϕ, π)

= sup
π∈MA(Θρ)

B(π),

and the minimax linear estimator is Bayes relative to
the product Gaussian distributionΦρ = Φρ1

×· · ·×Φρn
.

Because for eachi we haveR∗
L(ρi) ≤ µ∗R∗

N (ρi), the
Ibragimov–Has’minskii bound applies to this multivari-
ate problem:R∗

L(ρ) ≤ µ∗R∗
N (ρ) [6].

III. G AUSSIAN CHANNEL CAPACITY UNDER SMALL

PEAK POWER CONSTRAINTS

A. The scalar case

In this section, we prove that the information capacity
of the scalar Gaussian channel (1) under the peak power
constraintX ∈ Θρ w.p. 1 is achieved by symmetric
equiprobable signaling when

√
ρ ≤ 1.05. The capacity

of interestCP (ρ) is given by the value of the convex
program

max
π

I(π) subject toπ ∈ MP (Θρ), (8)

whereI(π) denotes the mutual information betweenX
andX +Z whenX ∼ π. We have the following result:

Theorem 3.1.Consider the Gaussian channel (1). Then
for any ρ satisfying the condition0 <

√
ρ ≤ 1.05, the

capacityCP (ρ) is given by the formula

CP (ρ) = ρ −
∫ ∞

−∞

e−y2/2

√
2π

log cosh(ρ −√
ρy)dy. (9)

The unique capacity-achieving distribution is given by

π◦
ρ =

1

2
(δ−√

ρ + δ√ρ),

where δx is the Dirac measure (point mass) concen-
trated atx.

Proof: Given a random variableX and some
ρ > 0, we can define another random variableU =
X/

√
ρ and treat it as the input to the channel (1):

Y =
√

ρU + Z. Conversely, given a random variable
U with distribution π ∈ MP and someρ > 0, let
πρ ∈ MP (Θρ) denote the distribution ofX =

√
ρU .

Sinceρ > 0, we can write

I(X;Y ) = I(
√

ρU ;
√

ρU + Z) = I(U ;
√

ρU + Z),

so that

CP (ρ) = sup
U∈[−1,1]w.p.1

I(U ;
√

ρU + Z)

= sup
π∈MP

I(π, ρ),

whereI(π, ρ) denotes the mutual information between
U and

√
ρU + Z when U ∼ π. Moreover, if some

π◦ ∈ MP maximizesI(π, ρ) over allπ ∈ MP , then its
rescaled versionπ◦

ρ ∈ MP (Θρ) maximizesI(π) over



all π ∈ MP (Θρ). Hence, to find the capacityCP (ρ)
we must solve the convex program

max
π

I(π, ρ) subject toπ ∈ MP .

Now, we recall the fundamental identity of Guo, Shamai
and Verdú [2]. LetB(π, ρ) denote the MMSE (or Bayes
risk) achievable in estimatingU ∼ π based onY =√

ρU + Z:

B(π, ρ)
△

= inf
ϕ

E
{

(U − ϕ(Y ))2
}

≡ E
{

(U − E{U |√ρU + Z})2
}

.

Then we have

d

dρ
I(π, ρ) =

1

2
B(π, ρ) (10)

for anyπ ∈ M with a finite second moment.2 Integrat-
ing both sides of Eq. (10) with respect toρ and using
the fact thatI(π, 0) = 0 for any π, we obtain

I(π, ρ) =
1

2

∫ ρ

0
B(π, λ)dλ. (11)

Given λ > 0, we let W =
√

λU and write

B(π, λ) = E

{

(U − E{U |
√

λU + Z})2
}

=
1

λ
E

{

(W − E{W |W + Z})2
}

=
1

λ
B(πλ), (12)

whereB(πλ) denotes the Bayes risk of estimatingW ∼
πλ based onY = W + Z. Thus, we can write

I(π, ρ) =
1

2

∫ ρ

0

B(πλ)

λ
dλ.

SinceB(πλ) ≤ R∗
N (λ), we obtain the bound

I(π, ρ) ≤ 1

2

∫ ρ

0

R∗
N (λ)

λ
dλ. (13)

Now we apply the result of Casella and Strawderman
[3], which says that, for

√
λ ≤ 1.05, R∗

N (λ) = B(π◦
λ),

where π◦
λ = (1/2)(δ−

√
λ + δ√λ). According to our

notation, π◦
λ is obtained by rescaling the distribution

2There is a caveat here:π cannot depend onρ or, equivalently,
its cumulative distribution function cannot haveρ as a parameter.
This restriction should be understood in the sense that

∂

∂λ
I(π, λ)

˛

˛

˛

λ=ρ
=

1

2
B(π, ρ).

π◦ = (1/2)(δ−1 + δ1) to the interval [−
√

λ,
√

λ].
Therefore, if

√
ρ ≤ 1.05, we can write

1

2

∫ ρ

0

R∗
N (λ)

λ
dλ =

1

2

∫ ρ

0

B(π◦
λ)

λ
dλ

=
1

2

∫ ρ

0
B(π◦, λ)dλ

= I(π◦, ρ),

where the second equality follows from (12) and the
third one from (11). This, together with (13), implies
that I(π, ρ) ≤ I(π◦, ρ) whenever

√
ρ ≤ 1.05. In other

words,
I(π◦, ρ) = max

π∈MP

I(π, ρ)

and, consequently,

I(π◦
ρ) = max

π∈MP (Θρ)
I(π) ≡ CP (ρ).

Hence, π◦
ρ drives the channel (1) at capacity under

the peak power constraintX ∈ [−√
ρ,
√

ρ] w.p.1. We
know from [1] that the capacity-achieving distribution
[i.e., the maximizer of (8)] is unique. The expression
(9) is from [2].

We can also consider the following relaxation of (8):

max
π

I(π) subject toπ ∈ MA(Θρ). (14)

The value of this program is, of course, the informa-
tion capacityCA(ρ) of (1) under the average power
constraintE X2 ≤ ρ. It is well known that

CA(ρ) =
1

2
log(1 + ρ),

and that the capacity-achieving distribution is the Gaus-
sian distributionΦρ [13]. It is evident from the form of
the programs (8) and (14) that the relationship between
the peak-power and the average-power capacitiesCP

andCA is analogous to that between the minimax and
the minimax Bayes risks for the problem of estimating
a bounded normal mean. In fact, for small peak power
constraints (

√
ρ ≤ 1.05), this analogy can be made

precise. To begin with, it is easy to verify that the
following formula holds forall values ofρ:

CA(ρ) =
1

2

∫ ρ

0

R∗
L(λ)

λ
dλ. (15)

Moreover, the capacity-achieving Gaussian distribution
Φρ is also the least favorable prior for the minimax
Bayes problem overMA(Θρ). On the other hand, for√

ρ ≤ 1.05, the capacity-achieving distributionπ◦
ρ is

also the least favorable prior for the minimax problem
overMP (Θρ). These observations lead to the following
corollary:



Corollary 3.2. Whenever
√

ρ ≤ 1.05, we have

1

µ∗CA(ρ) ≤ CP (ρ) ≤ CA(ρ),

where µ∗ is the Ibragimov–Has’minskii constant de-
fined in (7).

Proof: We have already established that

CP (ρ) =
1

2

∫ ρ

0

R∗
N (λ)

λ
dλ,

√
ρ ≤ 1.05.

The integrand can be bounded from below by
R∗

L(λ)/(µ∗λ). This, together with Eq. (15), proves the
lower bound onCP . The upper bound is obvious.

From the work of Donoho, Liu and MacGibbon [6],
we know thatµ∗ ≤ 1.25. Therefore, the small peak
power capacity of the Gaussian channel is at least80%
of the corresponding average power capacity. We also
note that Eq. (13) leads to the bound

CP (ρ) ≤ 1

2

∫ ρ

0

R∗
N (λ)

λ
dλ,

which is tighter than the upper bound in Corollary 3.2,
but does not admit a simple analytical expression.

An interesting question is whether the distribution
that achievesCP (ρ) always coincides with the least
favorable prior π∗

ρ that achievesR∗
N (ρ). Intuitively,

it makes sense to conjecture that it does: for both
problems, the corresponding extremal distributions are
discrete and symmetric with finite support, and the
spacing between the points of support should be as
large as possible in order to ensure that the they can be
reliably distinguished from one another in the presence
of noise (in the information capacity case) and that the
prior is as “uninformative” as possible about the true
value of the mean (in the bounded mean estimation
case). However, the answer turns out to be negative. As
shown by Casella and Strawderman [3], the symmetric
two-point priorπ◦

ρ is no longer least favorable for
√

ρ >
1.05. In fact, the least favorable prior for

√
ρ > 1.05

has at least three points of support, and the weights of
these points vary asρ increases. On the other hand,
as shown recently by Sharma and Shamai [14], sym-
metric equiprobable signaling achievesCP (ρ) for all√

ρ ≤ 1.671; when
√

ρ > 1.671, the capacity-achieving
distribution has at least three points of support. Thus,
the capacity-achieving distribution coincides with the
least favorable prior only for

√
ρ ≤ 1.05.

These considerations also imply that the method used
to prove Theorem 3.1 would not work for

√
ρ > 1.05.

Indeed, our approach makes use of the fact that the
least favorable prior for

√
ρ ≤ 1.05 is independent of

ρ, which permits the application of the Guo–Shamai–
Verdú identity (10). When

√
ρ > 1.05, however, the

least favorable prior depends onρ [3]. (A “threshold
effect” of this kind has been noted before in similar
contexts [15].) On the other hand, by relating the
problem of achieving the capacity of (1) under a peak
power constraint to the problem of minimax estimation
of a bounded normal mean, we were also able to show
that the peak-power capacity for peak amplitudes below
1.05 is equal to at least80% of the corresponding
average-power capacity.

B. The vector case

We now consider vector Gaussian channels of the
form

Y = X + Z, (16)

where the inputX is an n-dimensional real vector,
andZ is a vector ofn independent standard Gaussian
variables that are also independent ofX. We are inter-
ested in peak power constraints defined by an ellipsoid
Λw ⊂ R

n for somew ≻ 0:
n

∑

i=1

wiX
2
i ≤ 1 w.p.1.

This can be used to model a MIMO communication sys-
tem withn transmitters andn receivers operating under
a fixed transmit energy budget, where the weights{wi}
control the amount of power allocated to individual
transmitters. The corresponding information capacity,
which we denote byCP [w], is the value of the convex
program

max
π

I(π) subject toπ ∈ MP (Λw), (17)

where I(π) stands for the mutual information
I(X;X + Z) whenX ∼ π. Unlike in the scalar case,
we do not have an exact solution of (17), even when
the ellipsoidΛw is suitably “small.” We will, however,
derive a useful lower bound onCP [w] under some
additional conditions onw.

As before, let us consider the following relaxation of
(17):

max
π

I(π) subject toπ ∈ MA(Λw),

whose value we denote byCA[w]. The capacity-
achieving distribution in this case is the Gaussian
product distributionΦρ◦ = Φρ◦

1
× . . .×Φρ◦

n
, where the

variances{ρ◦i } are given by the well-knownwaterfilling
solution

ρ◦i = (α/wi − 1)+, 1 ≤ i ≤ n (18)



where α is determined from the equation
∑n

i=1(α −
wi)

+ = 1 [13]. Moreover, a given pointρ � 0 satisfies
n

∑

i=1

wiρi ≤ 1

if and only if the hyperrectangleΘρ lies within Λw.
Consequently,

CA[w] =
1

2
sup

ρ�0,Θρ⊂Λw

n
∑

i=1

log(1 + ρi)

=
1

2

n
∑

i=1

log(1 + ρ◦i ).

First, we consider a simpler case ofhyperrectangular
constraints. Namely, given anyρ ∈ R

n satisfying the
condition ρ � 0, let CP (ρ) denote the value of the
program

max
π

I(π) subject toπ ∈ MP (Θρ).

Consider also the corresponding relaxation

max
π

I(π) subject toπ ∈ MA(Θρ),

whose value we denote byCA(ρ). Then we have the
following:

Proposition 3.3.The capacityCP (ρ) is equal to

CP (ρ) =

n
∑

i=1

CP (ρi), (19)

whereCP (ρ) is the value of (8). Suppose now thatρ

satisfies

‖ρ‖1/2
∞ ≡

(

max
1≤i≤n

ρi

)1/2

≤ 1.05.

Then each term on the right-hand side of (19) can
be computed using (9), and the capacity-achieving
distribution is unique and equal to the product measure
π◦

ρ1
× · · · × π◦

ρn
. Moreover,

CA(ρ) =
n

∑

i=1

CA(ρi) =
1

2

n
∑

i=1

log(1 + ρi),

and we have the bounds(1/µ∗)CA(ρ) ≤ CP (ρ) ≤
CA(ρ), whereµ∗ is the Ibragimov–Has’minskii con-
stant.

Proof: The proposition follows immediately from
Theorem 3.1 and the observation that, since theZi are
i.i.d. and also independent ofX , the mutual information
I(X ;Y ) can be bounded as

I(X ;Y ) ≤
n

∑

i=1

I(Xi;Yi) =

n
∑

i=1

I(Xi;Xi + Zi),

where equality holds if and only if theXi are mutually
independent.

Just as in the scalar case, the capacity-achieving
distribution (for‖ρ‖1/2

∞ ≤ 1.05) coincides with the least
favorable prior for the corresponding minimax problem,
and the peak-power capacity can be expressed in terms
of the minimax risks as

CP (ρ) =
1

2

n
∑

i=1

∫ ρi

0

R∗
N (λ)

λ
dλ. (20)

Similarly, the average-power capacity can be expressed
in terms of the linear minimax risks as

CA(ρ) =
1

2

n
∑

i=1

∫ ρi

0

R∗
L(λ)

λ
dλ, (21)

and the corresponding capacity-achieving distribution
Φρ1

× . . .×Φρn
coincides with the least favorable prior

for the appropriate minimax Bayes problem. In fact, the
formula (21) holds for allρ � 0.

We now turn toCP [w] and CA[w]. The average-
power capacityCA[w] can be expressed as

CA[w] = sup
ρ�0,Θρ⊂Λw

CA(ρ)

=
1

2
sup

ρ�0,Θρ⊂Λw

n
∑

i=1

log(1 + ρi)

=
1

2
sup

ρ�0,Θρ⊂Λw

n
∑

i=1

∫ ρi

0

R∗
L(λ)

λ
dλ

=
1

2

n
∑

i=1

∫ ρ◦

i

0

R∗
L(λ)

λ
dλ,

whereρ◦1, . . . , ρ
◦
n are given by the waterfilling policy

(18). As for CP [w], we have the following:

Theorem 3.4.Suppose thatw ≻ 0 satisfies

(

max
1≤i≤n

1

wi

)1/2

≤ 1.05. (22)

Then we have the bounds

1

µ∗CA[w] ≤ CP [w] ≤ CA[w],

whereµ∗ is the Ibragimov–Has’minskii constant. More-
over, the product distributioñπρ◦ = π◦

ρ◦

1

× . . . × π◦
ρ◦

n

achieves at least80% of the average-power constrained
capacity:

I(π̃ρ◦) ≥ 1

µ∗CA[w] ≥ 0.8CA[w].



Proof: We first observe that, if (22) holds, then
Θρ ⊂ Λw for someρ � 0 if and only if ‖ρ‖1/2

∞ ≤ 1.05.
Therefore, we can write

CP [w] ≥ sup
ρ�0,Θρ⊂Λw

CP (ρ)

= sup
{

CP (ρ) : ‖ρ‖1/2
∞ ≤ 1.05

}

.

Applying Proposition 3.3 to each term in the second
supremum, we can write

CP [w] ≥ 1

µ∗ sup
{

CA(ρ) : ‖ρ‖1/2
∞ ≤ 1.05

}

=
1

µ∗ sup
ρ�0,Θρ⊂Λw

CA(ρ)

≡ 1

µ∗CA[w].

This proves the lower bound onCP [w], the upper
bound is obvious. Finally, using Proposition 3.3 and
Eqs. (20) and (21), we can write

I(π̃ρ◦) = CP (ρ◦)

=
1

2

n
∑

i=1

∫ ρ◦

i

0

R∗
N (λ)

λ
dλ

≥ 1

2µ∗

n
∑

i=1

∫ ρ◦

i

0

R∗
L(λ)

λ
dλ

=
1

µ∗CA(ρ◦)

=
1

µ∗CA[w].

The theorem is proved.
Although we were not able to derive an exact ex-

pression for the peak-power capacityCP [w], we have
shown that, provided the ellipsoidΛw is sufficiently
small, CP [w] is equal to at least 80% of the average-
power capacityCA[w]. Moreover, we can do at least
as well as this lower bound if all the transmitters use
symmetric equiprobable signaling at amplitudes deter-
mined from the waterfilling power allocation policy
for achievingCA[w]. This scheme, however, does not
achieveCP [w] because the capacity-achieving distri-
bution is known to be a finite mixture of uniform
distributions on concentric ellipsoidal shells [16]. The
least favorable prior for the corresponding minimax
problem has the same structure [4]. An interesting
problem for future work is to determine whether these
two extremal probability distributions coincide when
(22) holds.
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