
 

The Linear Quadratic Regulator LOR
Problem Finite and Infinite Time

1 Review i _fitixin Xlt C1124 uit C Rm

Jct to X ul gCt xtthultlldttplxlt.tl
to be minimized over a 17 admissible controls ucy
Subject to

x It ft't Xlt ultl t C Cto 117 Xltoft

Bellman ten V tix c ray.in Jct t X ul 7

to Et Et

Under regularity conditions e g V is C
the Hamilton Jacobi Bellman egn

ZtYtix7 min git x u t Zxvltixlfctix.nlGERM

for TE Cto ti XEN ti X7 HX

gives an optimal control Kctcx that minimizes

qlt x ul t 2 tix f It ix u

f n fixed tix E to t KIRN

If Ultra is a C solution of HEB egm then
it is the Bellman fan and the optimal control
is given by a It kit XIE along the optimal
trajectory
Uniqueness if kltix7 is such that

91T X kltixhtf VCt.ir fCtiXkItix77LqCtixu7tZxVCt e7fItieiu7V uC IRM
s t UF kit



then Jlt to x ul 7 V to x

min J ft to x a c
ul 7

for all ul that are not equal to Ect x
almost everywhere
2 Finite time LOR problem

LTV system Xltt Alt x Htt Blt uit

to ETE ti XIAO X

Jlt to X ul
o

LLtTRte ult t XIET act xct1 oA

XIEDTSXIED

where Rtt RAT 0 in 1RmXm
9ft _gleet o Cin Rhea

ft 70 in IRnen

Goal determine optimal control law compute
It X

Analysis Vlt X xTP E x ansatz
to E t Eti Ult X XT Sx p Cx

Plt D and

xtPlto7x main T ti.to X ul D

Ztuttix umfjfmf.IRE7utxT9lt1xtfxVltix7 Nt7xtBIt7u

ZEV tix XT B X assume

y3 vftix7 2xTP It Plt p It



For any EIR

ftp.x min ut Rn t xTQx t 2xTP A x Bu
UCIRM

F u ytQx txt PAX txt ATP X
t ut Ra t 2xTP B u

min f a XTQx txt At A PIX
UE IRM

mainpmfutRu taut BTP x

Here R E R t
t

0 so u f wTRut2uTBTPx
is strongly convex so the minimizing act x
is unique and solves

212ft utter 2 Blt T Plt x

ult X RITT BEIT PIE X

F E X

Fluitt x XTFTR Fx t 2 XT ftp.tp x

xTPBR
t
2R tBTPx 2xtPBR BT DX

XT P B R BJP X

XTpox xT PAT ATP to PBR Btp x

b C to.tl PCE 7 8
for all x C Rn so p't has to solve

D PBR BT p PA AT P Q P Ct KS
so P t is a solution of this Riccati DE



Observations
1 The RDE has a solution PIE C 112nA which

is unique
2 If P t solves the RDE then PITT also
solves it so plt7 plt.pt by uniqueness

3 Plt 30 Vlt x7 xT PHX is the Bellman
f on for the LOR problem so

It x7 xTPIt7

run feet'lulsTRIs est t Xlsstalstxisfds
Xlt Ff x ti

70 for all XEIR

Therefore Kit X f tix RIE BHT PAIX
is the unique optimal control and

to x7 XTP to x is the minimal cost

Closed loop system at optimality
ie Itt A A Bit Flt 7 Xlt

Xl b o X

3 Infinite time steady state LQR problem
LTI X Axt Bu

XCo7 x t O

Cost J X ut J fuctFRult t x axle OH
0

to be minimized over admissible controls u C
where R RT O y QT 70



Bellman fan x my.info x ul 7

Assumption CA B is a controllable pair
this guarantees that for any KEIRN Fac

S t
Jal X ul N

Analysis
Fix some T O consider

min J T O X ul J
rel

with q tix a a uTRutxtex pox 7 0

RDE Pec Pel T o

T

PI PzBR BP e Pelt AT Pe G
OE t se Pe e 0

Let ITCt Pelt t for ostee

So 1T O Pt e o and

IT IT BR BTH IT A AT IT to
Et ET IT 107 0

If we do this for every e 0 then we see that
we can define IT It It T 30 K 70 s t

IT IT BR BIT t IT A t IT to t o

17107 0

We will show that IT is him 1T It exists
e a



XT ITI t x Ve O x7 where Vt is the Bellman
fan for the QR problems on core with

qlx.cn uTRutXT8XypCX7 co

Fix 8 T 30

Claim XT IT 5 x 7 XT IT e x 7 o

XT IT to x O X

J 5,0 X Ugc not optimal
on Con JJ T o X arc

t f g x t arithdt

7 JC T O X Usc

VICO x

XT IT e X EXEDRA

for each XER t XTIT ten is
bounded below by 0 and nondecreasing

Claim CA B controllable pair
IT him

e
Htt

exists and solves Algebraic Riccati Egm
ITBR B'IT ITA ATT 9 0

Fix x C IR By controllability Fu C s t
using
a tx.nool i 7T

Take ult
a It o ETE l

O g t o



Then Joo X Uci

lufe7TRu.tt txItlTQxIt73dE a

min Tal x ul
ul

Then ft 0

xTITCt7x Velo X

E JCT o X ul 1

E Jol o X ul a

o E x IT t EXTITE x I Jacx cel17
for all OE e T

so lion XTIT x exists for each X
t 70

Thus IT is him 1T ft exists
e a

apply to X ei X eitej to C El in

where e en C IR are the standard
basis Vectors in 1124

Ct TIt7 BE B Ttt IT f A AT IT It 9
IT 07 0

limit t exists o
x

so I BR BTIT ITA AT IT 9 0



Claim kCx7 Fx where F is R 13TH
is the unique optimal control that achieves X
Bellman fan at each x

Proof next lecture


