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Towards a Unified Theory of Parameter Adaptive
Control: Tunability

A. STEPHEN MORSE, FELLOW, IEEE

Abstract— A conceptual framework is proposed in which a parameter
adaptive control system is taken to be a feedback interconnection of
a process Xp and a parameterized controller X-(k) whose parameter
vector k is adjusted by a tuner X7. The framework is general enough to
encompass almost all of the existing continuous-time parameter adaptive
control algorithms proposed in the literature for stabilizing linear process
models. Emphasis is placed on the importance to adaptation of one of
Yctk)'s outputs called a tuning error ey, which is the main signal
driving 3r. For the closed-loop parameterized system (k) consisting
of 3, and Xc(k), definitions and characterizations are given of the
concepts of weak tunability and tunability of X(k) on a subset & of
the parameter space ® in which k takes values. It is proved that it is
necessary to know a subset & on which (k) is weakly tunable in order
to be able to construct a tuner X; which adaptively stabilizes X(k).
Using a simple argument based on the concept of an output injection, it
is proved that if £(k) is tunable on & and X7 is a ‘‘gradient-like” tuning
algorithm with certain typical properties, then the closed-loop adaptive
control system consisting of X(k) and X7 is “‘internally stable.”

I. INTRODUCTION

CENTRAL goal of research in adaptive control in recent

years has been to develop algorithms for which closed-loop
stability can be established under process model assumptions
which are as weak as possible. For single-input single-output
continuous time-processes, these assumptions have typically been
made in terms of the process model transfer function, written in
the form ga(s)/B(s), where a(s) and B(s) are monic coprime
polynomials and g is a nonzero constant called the high frequency
gain. The classical process model assumptions are that: 1) a(s)
is stable (i.e., the process is minimum phase); and that 2) the
sign of g, 3) the relative n* = degree (3(s)) — degree («(s)), and
4) a bound n > degree (8(s)) are all known. The first adaptive
control algorithm shown to be capable of globally stabilizing any
process satisfying these assumptions was developed in 1978 [1].
In the intervening years, a number of significantly improved algo-
rithms (e.g., [2]-[5]) have been found for stabilizing processes
satisfying these assumptions. In addition, recent work [6]-[15]
has shown that these assumptions can be relaxed very much fur-
ther while still achieving stability. Still missing, however, is a
conceptual framework for systematically describing these results
and others in a unified way.

The main objective of this paper is to propose such a frame-
work. The basic idea (Section II) is both natural and transparent:
a parameter adaptive control system is simply the interconnec-
tion of a process, a ‘‘parameterized controller,”” and a ‘“‘tuner.”
The parameterized controller controls the process and the tuner
tunes the parameterized controller. “‘Forced” tuning takes place
only when a suitably defined ““tuning error,”” generated by the
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parameterized controller, is nonzero. Within this framework, the
concept of weak tunability (Section IIl) can be defined, char-
acterized, and shown to be necessary for adaptive stabilization.
Qur main result (Section IV) is to prove that a slightly stronger
property called tunability is sufficient for adaptive stabilization,
provided a tuning algorithm is used which possesses certain typ-
ical capabilities.

A. Preliminaries

Throughout this paper, R 1s the real linear space of n x g
matrices. For M = [m;;] € R"™?, M’ denotes its transpose and
M| =37, 30 Imijl; on occasion, we also use the Euclidean
norm ||M|| :V(Z;'ZIZ;Lllmijlz)”z. In general, | M| < [M|
and M| < yrg| M|

We shall make use of the following descriptive terminology,
applicable to functions defined on a (possibly infinite) tlme inter-
val [0, 7). A piecewise-continuous function g:[0, H—R"isin

, i being a positive integer, if

4 .
/ le(wl dp <C
0

for some constant C. If for each number A > O there is a constant
C, such that

ey

{
/e—)\(lAuJ|g(u)|d# <C  telo,d @
0

then g is bounding. A bounding function i isa zeroing function if
f = oo and for all X € (0, 00), hm,_.oof e N—m lg(w)|dn =
0. We remark that bounding functions inc ude functions in £',
£’ , and £°°, whereas functions in £ or £’ , defined on [0, oo),
are zeromg functions as are piecewise- contmuous functions which
themselves tend to zero as ¢ — oo [16].

Let x:[0, /) — R” be continuous; a bounding function g is said
to be nondestabilizing along x with growth rate \* > 0 if: 1)
for each A > N* there exists finite numbers C| and C, such that

1 t
C,
du <Nt —-7)+C1+ | —=—du,
[lg(u)l p <N —-T7)+C) /11 |x(“)[a’u

o<r<e<t (3)
and 2) A\* is the least nonnegative number with this property.! If,
in addition, for each A > \*, (3) holds with C; = 0‘, then g is
nondestabilizing with growth rate \*. Note that £ functions
are nondestabilizing with growth rate 0 since any function satis-
fymg (1) with i = 0 satisfies (3) for A > 0 with C; = C and
= 0. £~ functions are also nondestabilizing with growth rate
0 smce forany A >0, |g| < g?/4N+Asoif g satlsﬁes (1) with
i =2, then (3) holds with Ci =C/A\and C; =
A piecewise-continuous matrix A4:[0, I — [,Q is expo-
nentially stable if there exist positive numbers C and A

! The inclusion in (3) of the integral involving |x(-)| is prompted by the
results of [5].
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such that the state transition matrix ¢ 4(t, 7) of A(¢) satisfies
|pa(t, )| <Ce -7, ¢, 7 €0, f). Note, that if A is ex-
ponentially stable and g:[0, £) . [R" is nondestabilizing along
x with growth rate \*, then fO:qSA(t, 7)g(7)dT is nondesta-
bilizing along x, with growth rate CN* since this integral is
bounded by C [ e M =7\ g(7)| dr, which, in turn, is bounded

by C Jo le(r)|dr.

A function £:Q — R" ™" on an open set £ C & ™7 is contin-
uously differentiable if it possesses a continuous first derivative;
fis locally Lipschitz if for each compact (i.e., closed, bounded)
subset Q2 C Q, there exists a constant L depending only on Q
for which |f(x) — f(y)| < L|x — y|, all x, y € Q. It is known
f17], [18] that continuously differentiable functions are locally
Lipschitz and that locally Lipschitz functions are continuous.

We shall make use of certain basic facts concerned with the
nonlinear differential equation

X = a(x, 1) @)
where a:R"x[0, 1) — R" is locally Lipschitz in x and piece-
wise continuous in f. It is known [17], [18] that for each ini-
tial state xo € R", there is a maximal interval [0, 7) C [0, )
on which a unique continuous solution y(f) to (4) satisfying
Y(0) = x¢ exists; and if |y(#)| is bounded on this interval, then
f =t and the solution necessarily is bounded on [0, ¢). In some
applications, (4) is of the special form

X1 =A1(Oxy + f1(x1, x2, 1) + b(1)

Xy = Ax(D)xy + fo(xy, 1) )
where the A; are exponentially stable, b is bounded, and the
fi are nonlinear functions. The following lemma asserts that if
along a solution y = [y, y;J to (5), the f; satisfy

1), y2(0), O] £ a(O)([y1(D)] + Ci|y2(D) + h(t)
f201(0), O] S Ci ()] +C2
t€[0,0) (6)

where 4 is bounding, the C; are nonnegative constants, and ¢ is
nondestabilizing with sufficiently small growth rate, then y itself
must exhibit bounding limiting behavior.

Lemma 1: Let C and X\ be positive constants for which the
state transition matrix ¢4, of A; satisfies | 4,(, 7)| < Ce M =7),
0<7<t<t,i=1,2.1If his bounding and ¢ is nondestabiliz-
ing along y with growth rate \* and A* +2C;vA* < \/C, then
y(2) exists and is bounded on [0, #). If, in addition, # = oo and
¢ and A are zeroing functions, then as { — 0o, y1(t) approaches
the unique bounded solution x*(¢) to the equation

X =A,(Ox* +b(r) @)

(8

Although the proof of this lemma can easily be deduced from ex-
isting literature (e.g., [191, [4], [22]), for completeness, a proof
is given in the Appendix.

x*(0) = 0.

II. CoNcePTUAL FRAMEWORK

Classically, [1]-[3] parameter adaptive control systems have
been defined and discussed in terms of error models in which pa-
rameters typically enter linearly. It turns out that for many adap-
tive algorithms (e.g., [6], [8], [9], [12]-[15], [29]) error models
play no essential role and parameters enter nonlinearly. Hence, a
new conceptual framework is needed to describe both the clas-
sical and more recent adaptive structures. To construct such a
framework it is useful to think of a parameter adaptive control
system as a system consisting of three components: a process,
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Fig. 1. A parameter adaptive control system.

a parameterized controller, and a tuner, Fig. 1. The process is
a dynamical system with control input u € R™, disturbance in-
put w € R ", and measured output y € R ’. The parameterized
controller is a dynamical system Y¢(k) depending on a control
parameter k which takes values in some subset ® C R". The
inputs to ¥ (k) are the tuner output £, the process output y, and
possibly a reference input r. The outputs generated by Z¢ (k) are
the closed-loop control input u to the process, a funing error
er, as well as supplementary tuning data d consisting of known
functions of r, y, and the parameterized controller’s state. The
tuner is an algorithm Xr(p;), initialized by p; (i.e., k(0) = p;),
with inputs d and er and output k, k(f) being the “‘tuned value”
of k at time ¢; Xr(p;) is presumed to be well defined for each
pr e ®.

The function of Y is to adjust k to make er ‘‘small” in some
suitably defined sense. Although the specifics of ¥y may vary
greatly from algorithm to algorithm, in most instances, tuning is
carried out in one of two fundamentally different ways, depending
on whether @ is countable or not. For the countable case (e.g.,
see [71, [12], [29]), tuning is achieved by sequentially stepping &
through ® along a predetermined path, using on-line (i.e., real-
time) data to decide only when to switch k& from one value along
the path to the next. In contrast, for the uncountable case (e.g.,
see [1]-[5], [10], [11], [20]-[23]) the path in @ along which k
is adjusted is not determined off-line but instead is computed in
real time from ‘“‘gradient-like”” data. The main advantage of count-
able search algorithms over gradient-like procedures appears to
be their broader applicability. On the other hand, when appli-
cable, gradient-like algorithms are likely to exhibit far superior
performance, but so far, this has not been clearly demonstrated.

Since a tuner ¥ is an algorithm driven by er, ¥r will typ-
ically possess certain ‘‘rest” or ‘“‘equilibrium” values of & at
which tuning ceases if er = 0. To be more precise, let us
agree to say that (in open loop) a tuner Xr(py) is at equilib-
rium value py € ® at time ¢ty > 0, if k(f9) = po and if for the
input er(z) = 0, t > 1o, k(¢) remains fixed at pg for £ > ¢g.
In this paper, we assume that 37 is stationary to the extent that
its possible equilibrium values at £ are independent of #o and
P € ®@; and we define the tuner’s equilibrium set Er to be the
set of all such values in @.

One fairly general algorithm for a tuner might be a dynamical
system of the form

k =m(k) + ma(k, d, xy)er

xy =m(k, d, xn) )
k(0) = p;
xn(0) = xn, (10)

where the 7;(-) are nonlinear functions, x 5 i§1 the state of a “gz—
namic normalizer” (cf. Section IV), py ¢ R'” and xn, € R .
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In this case, ® can be taken as R"” and & = {p: m(p) = 0}.
Alternatively, ¥y might be a switching algorithm of the form

} (11)
i>1

where % is a function from the positive integers to R,
py €image h, to =0, and fori >0

k(1) = pi,
k() = h(D),

t €to, ty)

t €t tin),

1>ty
= or

y
min {t: / ler|>dr = (i!)}, if this set is nonempty
0

o0, otherwise
[291; in this case, @ is the image of A (which is countable),
and & = @. The ideas which follow apply to both types of
algorithms. Thus, until Section IV, no special assumptions will
be made about 37, other than that it be stationary and possess a
nonempty equilibrium set.

In the sequel, we assume that the process can be modeled by
a stationary finite-dimensional linear system Yp with state xp.
We take ¥p to be a member of some family of systems O
continuously parameterized by an uncertainty vector q which
takes values in some open subset @ C R"?. The models in 9N
are of the form

Xp =Ap(@)x, +Bp(q)u + By(q)w

¥ =Cp(@)xp + Dp(q)w (12)

where Ap, Bp,---,Dp are continuous matrix valued functions
on Q. For simplicity, we choose our parameterization so that
0 € Q and view (12) evaluated at ¢ = O as a nominal pro-
cess model Xy ; sometimes Y 's transfer matrix from u to y is
known exactly, but we shall not make use of this fact here. The
vector gp € Q, for which (12) models Xp is sometimes called
the ““mismatch error” (cf. {4]) and as such is a characterization of
3p’s “structured uncertainty.”” More generally, ¢ p might consist
of two subvectors, one a mismatch error, the other a vector of
numbers py, py - - - weighting £p’s “unmodeled dynamics™ (cf.
[4]). In what follows it is not necessary to be too specific about
the definition of g or about the way Ap,---,Dp depend on ¢,
except for the assumption, which has already been made, that
this dependence is continuous.

The parameterized controller ¥ (k) will be taken to be a sta-
tionary dynamical system of the form

Xc =Ac(k)xc + By(k)y + B.(k)r
u=Fc(k)xc +Fyk)y +G. (k)
er +Cc(k)xc +Cy(k)y + D, (k)r

d =Ec(k)xc +E,(k)y + E.(k)r (13)
where Ac(-),---,E,(-) are matrix-valued functions on some pa-
rameter space ® C R™.

The preceding framework is general enough to encompass al-
most all of the existing continuous-time parameter adaptive con-
trol algorithms proposed in the literature for stationary linear
process models. For example, the classical adaptive control sys-
tems studied in [2], [3] admit this characterization; in these cases,
er is the (unnormalized) augmented error originally introduced
by Monopoli [30] and & = R". Systems using ‘‘high-gain™
adaptive stabilizers such as those in [7], [9], [13]-[15] can also
be described in this way; in these cases, K is a scalar, &7 = R,
and er might be y, [y', u’Y, or [’, x¢]'. Similarly, the switch-
ing algorithms of [7], [12], [29] are covered by this framework,
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as has already been noted. It is also possible to use this frame-
work to describe a large variety of robustly stabilized adaptive
systems such as those studied in (4], [5]; for example, for a sys-
tem utilizing the algorithm of [4], er would be an (unnormalized)
augmented error and & would be a compact subset of ®. Most
““indirect” adaptive control algorithms (see [22]) also admit this
characterization— in these cases, er is typically an unnormalized
identification error, and & = @ = R™. In fact, just about the
only continuous-time algorithm we know of which does not quite
fit this framework, is the one studied in [1]. This is because the
parameterized controller X¢(k) of [1] includes in its defining
equation for ¥ a term of the form N(k, d)er, N being a non-
linear function of k£ and d. Notwithstanding this difference the
concepts and results of Section III apply to this adaptive system
as well.

HI. TuNaBILITY

The closed-loop parameterized system Y(p) determined by
(12) and (13) can be concisely described by a system of equations
of the form

X =A(p)x +B(p)
er =C(p)x + D(p)
d =E(p)x +G(pp

where x = [xp,xC] and v = [r/, w']’. Here 4,---,G are
defined in the obvious way using (12) and (13).2 In this setting,
the following question arises. What must be true of ¥(p) in order
for there to exist a tuning algorithm X7 [e.g., (9), (10)] for which
the closed-loop adaptive system consisting of X7 and X(k) is
“stable”’? In the sequel, we provide some preliminary answers
to this question.

With & any fixed, nonempty subset of ¥(p)’s parameter space
®, let us agree to call (14) weakly tunable on &, if for each
fixed p € & and each bounded, piecewise-continuous exogenous
input v:[0, co) — "™, every possible system trajectory for which
er(t) =0, € [0, o), is bounded on [0, 00). Call X(p) tunable
on & if for each p € &, x goes to zero as ¢ — oo whenever both
er and v equal zero on [0, 00).

Remark 1: 1t is easy to verify that X(p) is weakly tunable
on &, just in case, for each p € &, the matrix pair (C(p), A(p))
is weakly detectable® and the matrix pair obtained by restricting
C(p) and A(p) to the controllable space of (A(p), B(p)) is de-
tectable. Similarly, (C(p), A(p)) is tunable on & if and only if,
C((p), A(p)) is detectable for each p € &. Thus, tunability of
$(p) on & implies weak tunability of £(p) on & and is equivalent
to weak tunability of X(p) on & whenever £(p) is controllable
on &.

Our aim here is to briefly explain why weak tunability is nec-
essary for adaptive stabilization. To be specific, call ¥7(-) an un-
biased stabilizer of ¥(k) if for each initialization p; € ®, each
bounded piecewise-continuous exogenous input v:[0, co) — R™
and each initial state x(0), the state response x of ¥(k), tuned
by ¥r(py), is bounded on [0, 00).

Suppose X7 is a candidate tuner for X(p). The definition of
weak tunability implies that if £(p) is not weakly tunable on
¥r’s equilibrium set &, then for some exogenous input v, initial
state x(0), and parameter value py € &r, the untuned system
Y(po) will admit an unbounded state response x(¢) along which
er(t) = 0. If the same input v is applied to ¥(k), with k tuned by
Yr1(po), then clearly, k(f) = pg, ¢t > 0 and er(¢) =0, ¢ > 0.

(14)

2 For clarity, we have not explicitly denoted the continuous dependence of
these matrices on the process model uncertainty vector g.

3 A matrix pair (C, A) is weakly detectable if for each vector x for which
Ce* x is bounded on [0, o0), it follows that e*’x is bounded on [0, o0),
as well. (C, A) is detectable if for each eigenvalue-eigenvector pair (X, x),
X has a negative real part whenever Cx = 0. Detectability implies weak
detectability but the converse is not necessarily true.
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Therefore, (k) will have exactly the same unbounded response
to v that 3(po) has. We are led to the following theorem.

Theorem 1: A necessary condition for tuner ¥r(-) to be an
unbiased stabilizer of the tuned system X(k), is that Y(p) be
weakly tunable on the tuner’s equilibrium set &r.

Clearly, weak tunability on &7 is a fundamental property that
any parameter adaptive control system of the aforementioned gen-
eral type must have if stability is to be assured.* An interest-
ing problem then, is to determine what is required of a process
model ¥, and its parameterized controller X¢(p) for the result-
ing closed-loop system X(p) to be weakly tunable or tunable
on some given subset & C @. This problem is discussed further
in [28]. In the sequel, we give some examples of tunable and
untunable systems.

Example 1: Suppose for £p, we take the one-dimensional sys-
tem

y=ay+gu (15)

with @ and g unknown constants satisfying @ > 0 and g # 0. To
stabilize this system, consider using a control law of the form
u=fy (16)
where, if we had our preference, we would choose f so that
a +gf = —1 since this would stabilize (15); but since @ and
g are unknown, we might instead try to choose f in accordance
with the certainty-equivalence principle so that
a+gf=-1 %))
where @ and £ are estimates of @ and g, respectively. How-
ever, since standard identification algorithms may cause g to pass
through zero, to avoid the possibility of “‘division by zero” let
us consider in place of (17), the “gradient” adjustment law
f=—8@+gf+1 (18)
as a means of generating f. Finally, to construct estimates @ and
g, observe from (15) that

y=(@a+1)y+gu+e
where € = e ~'(»(0) — (@ + 1)y(0) — g##(0)), and
y+y=y
i+ia=u. (19)

Thus, to generate ¢ and @, it makes sense to use an algorithm
driven by the “‘identification error”

e=(@@+Dy+ga-y, (20

since this results in the familiar error equation
e=Jy@-a)+u@g—-g) e

If a standard identification algorithm is used, identification ceases
when e = 0, in which case, @ and § become constant. Viewing
this algorithm together with (18) as a tuner Xy with tuning input
eT'llT) e, and tuned parameter [, @, f1’', 3r’s equilibrium set
will be

& ={lp1, p2, P31 : P\(p2 + P1p3 +1) =0,
(p1, p2, P3l’ € @3}-

j‘ For algorithms utilizing persistently exciting probing signals, weak tun-
ability on &7 may well be more than is required for stability. This issue will
be discussed further in another paper.
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The parameterized controller X (p) corresponding to (16), (19),
and (20) is thus

y+y=y
i+ = p3y
er =2+ Dy +pili —y

u=p3y (21
and X(p) is the closed-loop parameterized system, described by
(15) and (21).

Observe that the point [0, a, 0]’ € &r. It is easy to verify that
for this value of p, £(p) admits the unbounded solution y = e*’,
y=e"/(1+a),u =0, er =0 so X(p) is not weakly tunable
on &r.

Example 2: In Example 1, ¥(p) is untunable on & because
& contains points [g, @, f]’ for which @ +£f > 0. It is possible
to eliminate this problem and to achieve stability, if sign(g) is
assumed known, by using in place of (18), the adjustment law

f = —sign(g)a +&f +1) (18"

together with tuning equations

a=—(a+gf +1) - yer

g=-J@+&f +1)—der
where er is the identification error e defined by (20).°
In this_case, .X7's equilibrium set is precisely those points

[¢,d, f] € R for which (17) holds. It is straightforward to
check that at any point [py, p2, p3]’ € &r,

Y1) = pi(a0) — p3y(0))e~*

along any solution [y(¢), (1), @#(¢))’ to (15) and (21) for which
er(t) =0. Since this and (21) imply that any such solution is
bounded, £(p) is now tunable on & .

Example 3: Take ® = R and let ¥(p) be any parameter-
1
0
C(p), A(p)) is detectable on ®@, by Remark 1, 3(p) must be
tunable on each subset & C ®. In spite of this, observe that no
matter how k is tuned, »(k) can have an unbounded state re-
sponse (e.g., with v = 0 and x(0) = [1, OF, x(¢) = €'[1, 0]"),
so adaptive stabilization is impossible.

The preceding example shows that tunability of £(p) on a
known subset & C R™ is not sufficient to ensure that there is a
tuner X7 which will adaptively stabilize 3(k). However, using
the ideas of [7], it can be shown that if ¥.(p) is tunable on & and in
addition, § contains a countable dense subset & as well as a pa-
rameter value po for which X(py) is internally stable, then with-
out knowing po, it is possible to construct a switching algorithm
Yr depending on §° with & C ® C &, which is an unbiased
stabilizer of X(k). Thus, to achieve adaptive stability with some
tuner X, it is enough to design Xc(p) so that (C(p), A(p))
is detectable on a known subset & C R"™ containing a countable
dense subset £ and a point p, which stabilizes 4(po). The fol-
lowing example shows that this is very easy to do without assum-
ing very much about Xp.

Example 4: For fixed integer n > 0, define parameter vec-
tor p = [pi, P2, ,Pawm+1]’, and parameterized polynomials
B(p,s) = 5"+ pus"' + - pas + p1, &p,s) = PanS" +
P2nS" "V + -+ PpiaS + ppi1. Choose y(s) to be any monic sta-

ized system with C(p) = [1, 0] and A(p) = . Since

5 Motivation for these equations, which can be found in [25], stems from
the observation that “‘control error” e, = (@ + £f +/) and tuning error er
can be written, respectively, as e, = (@ —a) + f(§ —g) +g(f — f) and
er = (@ —a)+ (g —g) —e, where f = —(1 +a)/g.

Authorized licensed use limited to: Maxim Raginsky. Downloaded on March 05,2010 at 22:54:57 EST from IEEE Xplore. Restrictions apply.



1006

z,(P)

' z,()
[ 1

er k):c(r!)

Fig. 2. A parameterized system ¥(p).

ble polynomial of degree n and let ,(p) = (A;(p), b (p),
ci(p), di(p)) and T(p) = (A2(p), ba(p), c2(p), d2(p)) be
n-dimensional realizations of a(p, s)/v(p, s) and v(s)/B(p, 5),
respectively. Define £ (p) to be the cascade interconnection of
¥, with ¥, as shown in Fig. 2.

Observe that if for fixed p, er is identically zero, then both u
and y must go to zero since X, (p) is stable and ,(p) has a stable
proper inverse. From this, it follows that if ¥ is a stabilizable
and detectable process model, then for all p € lRIZ"H , 2(p) must
be deétecltable through er.® Let £ be a countable, dense subset
of R ; clearly ¥(p) is tunable on &*. Moreover, if in the
linear space R' " o R™ " e R™"', %, is sufficiently close
to a system which is stabilizable, detectable, and of McMillan
degree not exceeding n, then there must exist a vector p, € "
for which A(po) is stable. Thus, &§* and X(p) will have what is
required for adaptive stabilization as long as ¥, is stabilizable,
detectable, and close enough to a stabilizable, detectable system
with McMillan degree no greater than n.

IV. TuNnING THEOREM

In this section, we study the behavior of the parameterized
system ¥(k) described by

% = A(k)x + Bk
er = C(k)x + D(k)w

d = E(k)x + G(kw (22)

for the case when k is continuously tuned. As before, L(k) is
taken to be a representation of the closed-loop interconnection of
process model Yp and parameterized controller ¥ (k). We as-
sume that @ is an open-connected subset of R, that all param-
eterized controller matrices in (13) are at least locally Lipschitz
on @, and that Ac, By, F¢, F), Cc, and C,, are continuously
differentialzlex. These assumptions imply that B:® — R" ",
D:® - R"™™, E:® - R"™" and G:® — R" "™ are locally
Lipschitz and that C:® — R™ ™" and A4:® — ®"*" are contin-
uously differentiable. The previously assumed continuous depen-
dence on g € Q of all process model matrices in (12) further
implies that A, - - -, G depend continuously on g as do the deriva-
tives with respect to p of C(p) and A(p).

As a tuner for k, we shall consider an algorithm Zr consisting
of a parameter adjustment law:

k =Tr(k) + MWer, (23)
a normalized tuning error
ér =er — W/ NWer, (24)
a weighting matrix
W =Wk,d, xn), (25)

) 61t is interesting to note that this will no longer be true if £, and %, are
interchanged, unless Xp is restricted to be minimum phase.
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and a dynamic normalizer

XN = AnxN + bk, d). (26)

We assume that by:® x R — R™ and W:® x R™ x @™ —
®R™™" are locally Lipschitz, that II;: ® — @ is continuously
differentiable and that M, N, and Ay are constant matrices with
Ap exponentially stable and N = N’ positive semidefinite. We
further assume that for each compact subset ® C @ there are
constants Cw; and Cy; for which both W and by satisfy the
linear growth conditions

W(p,d, xn)| <Cwi(ld| + Ixn]) + Cwa
bn(p, d)] < Cnild| +Cn:
pe®, deR", xy c®R™. 27

Remark: With some additional effort, it can be shown that
the results which follow also apply if, instead of (27), Wand by
satisfy the growth conditions |W| < Cw\(|d| + [xn|'/?) + Cw>
and |by| < Cny|d|?> + Cna, respectively.

Remark: In some tuning algorithms (e.g., see [2]), ér is
defined by equations of the form é; = er — Cz, 2 = Az +
BW'NWer where (C, A, B) is a square controllable observable
linear system with positive real transfer matrix. It is not difficult
to generalize the results which follow to encompass this alterna-
tive case.

Tuner equations as general as (23)-(26) describe a large num-
ber of algorithms including, with slight modification, all of those
surveyed in [31] and [22] which continuously tune k. For a
SISO process with d = [x(, ¥, r]’, er an unnormalized aug-
mented error, W = d, Il = 0, and N = M = I, ,xn,,
the preceding equations model one of the two algorithms ex-
amined in [2]; in this case, (26) is absent and the normalization
of er via (24) is “nondynamic.” This example can be modi-
fied to illustrate ‘‘dynamic” normalization—simply redefine N,
M, and W so that M = [I,,xn,, 0, N = I, 1xn,+1, and
W = |[d’, xn1, and include the one-dimensional dynamic nor-
malizer Xy = Anxn + |u| + |¥|. The role of dynamic normal-
ization has been discussed in [32].

The assumption that II; is continuously differentiable, which
is made for simplicity, is mildly restrictive, and precludes di-
rect application of the theorem which follows to the analysis of
algorithms such as the ‘“‘switching o-modified” tuner of [31],
since that algorithm uses a function Ilr which is continuous and
piecewise-linear, but not everywhere differentiable. In cases of
this type, the difficulty can easily be avoided if one is willing
to replace Iy with a continuously differential approximation Ilr
which is sufficiently close to II; to preserve its essential features.
Alternatively, using ideas similar to those exploited in [20, Proof
of Lemma 3], it should be possible to prove the tuning theorem
which follows, assuming only that Il is locally Lipschitz.

Note that Example 2 utilizes a tuning algorithm which can be
described by (23)-(26) with continuously differentiable Ilr. In
this case, IIr([¢, 4, f)) = ec[—f, —1, sign(g))/, where ec =
(@ + &f + 1). The tuning theorem which follows suggests that
the idea of “‘implicit tuning”’ illustrated by Example 2, can be
generalized considerably. This will be discussed in a future paper.

In the sequel, we study the closed-loop adaptive control system
described by (22)-(26) for all values of uncertainty vector g in
some compact subset Q C Q with dense interiors containing the
zero vector. In view of Theorem 1 and Remark 1, we make the

, following assumption.

Tunability Assumption: For each g € Q, ¥(p) is tunable on
the equilibrium set & = {p:lr(p) =0, p € ®}.

For finite nonnegative number §, let Vs denote the class of
all piecewise-continuous exogenous inputs v:[0, o) — R™ for
which |v(£)| <8, t > 0. The preceding assumptions are suf-
ficient to ensure that for each v € Vs and each initial state
x(0), xn(0), £(0)) in some bounded subset X C R'xR™ x @
there is an interval [0, {) of maximal length on which a unique
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solution (x(#), xn (1), k(1)) to (22)-(26) exists. Our objective is
to show, under certain conditions, that f = co and that such so-
lutions are bounded on [0, co). Quite often, the type of proof
used to reach such conclusions involves two steps. The first often
consists of using Lyapunov-like functions to establish the follow-
ing properties.

Tuner Properties:

i) There exists a positive number C*, depending only on X,
8, and Q such that for each initial state in %, each exogenous
input v € V; and each uncertainty vector ¢ € Q, the functions
|k| and |ér| are bounded by C* along the solution to (22)-(26).

ii) There exists a continuous nonnegative function \*: Q — R,
depending only on X and &, with the property that for each initial
state in X, each exogenous input v € Vs and each uncertainty
vector g € Q, the functions |k| and |Wer| are nondestabilizing
along (x, xn) with growth rates not exceeding A\*(g).

iii) A*(0) = 0.

The preceding properties are, in fact, easily established for
many tuning algorithms discussed in the literature. They are,
for example, characteristic of all algorithms discussed in [2]-[5],
[10], [11], [20], [22], [31]. Note that properties ii) and iii) imply
that the growth rates of |ér| and |[Weér| will be smaller than any
prescribed number € > 0, if the process model £p to which the
algorithm is being applied is sufficiently close to the nominal g
(i.e., |gp| is sufficiently small). On the other hand, with some
algorithms, small growth rates may result, even when Lp is ““very
far”” from ¥y. For example, this is so with the classical algorithm
of [2], where gp is presumed to be a mismatch error, since in
this case A*(g) =0 for all g € Q.

As already mentioned, the first step in the analysis of (22)-(26)
is to show that a system’s tuner has the properties we have just
enumerated. While considerable ingenuity is typically required to
develop such algorithms, to verify that they possess these prop-
erties is usually straightforward. This is in sharp contrast to what
is encountered in Step 2 where intricate and difficult arguments
are often needed to prove that (X, x5) is bounded. In the se-
quel, it will be shown that substantial simplification in Step 2
can be achieved by using the concept of an output injection [23].
To briefly illustrate the idea, suppose we want to prove for a
particular initial condition that the state of a detectable system
y =Cx, X = Ax is bounded (or goes to zero) given only that
y is bounding (or zeroing). To do this, we use the fact that there
is an (output injection) matrix A which exponentially stabilizes
A + HC. This is a consequence of detectability. H need not be
computed; it only has to exist. Now write X = (A+HC)x —~Hy.
Since A+HC is exponentially stable and y is bounding, we have,
immediately, that x is bounded and if y is zeroing, then x goes
to zero.

Our idea is to exploit the preceding in the more general context
of a parameter adaptive control system. Since we will be dealing
with matrix pairs (C(p), A(p)) which depend on p € ®, we
need some preliminary results.

Proposition 1: Let  be an open subset of R"; let 8 and @ be
open subsets of R" with & C ®; let (C, A):® — L,Q x R
be a continuously differentiable matrix pair depending continu-
ously on g € Q.

If (C(p), A(p)) is detectable for each p € & and each g € Q,
then the following hold.

i) The class @(C A, &) of continuously differentiable matri-
ces H:& - R" dependmg continuously on g € Q for which
A(p) + H(p)C(p) is exponentially stable for each p € & and
eachg € Q, is nonempty.

ii) For each matrix H € C(C, A4, &), there exists a unique
symmetrlc posmve-deﬁmte contmuously differentiable matrix
R&-R" , depending continuously on g € Q, which satisfies
the Lyapunov equation

R(p)A(p) + H(PYC(p)) + (A(p) + H(D)C(P)R(p) +1 =0

for each p € ® and each g € Q.
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iii) For each matrix H € C(C, A, &) and each pair of com-
pact subsets & and Q of & and Q, respectively, there exists pos-
itive constants C and \ depending only on H, & and Q with
the property that, for each_continuously differentiable function
¢:[0, 1) — & and each g € Q, the state transition matrix ¢(¢, 7)
of A(F()) + HE()C(5(1) — AR~ 'S (OIR(E (1)) satisfies

lo(t, 7)] < Ce ™" o< 7 <<t (28)

The last statement of this proposition is a slight generalization
of [22, Lemma 6.2] (see also [20, Lemma 3]). The proposition’s
proof depends on the following lemma, which has been proved
previously in [21].

Lemma 2: Let Q be an open subset of all detectable matrix
pairs (C, A) € R™™" @R"™" and let S" denote the linear space
of all #n x n symmetric matrices. There exists a unique analytic
function R: ) — 8" whose value R = R(C, A) at (C, A) is
positive definite, exponentially stabihzes the matrix A — RC'C,
and satisfies the matrix Riccati equation

AR +RA’ —RC'CR+1 =0.

We now state our main result.

Tuning Theorem. Let (22)-(26) describe an adaptive control
system consisting of a parameterized subsystem Y(p) and a tuner
3r. Suppose that for some compact subset Q C Q with dense
interior containing the zero vector, ¥(p) satisfies the Tunability
Assumption. Suppose, in addition, for some finite number 6 > 0
and some bounded subset X of the state space of (22)-(26), that
Yr has Tuner Properties i) to iii). Then the following are true.

1) There exists a subset Q" C @ with dense interior contalmng
the zero vector, such that for each uncertainty vector g € Q", each
initial state in & and each exogenous input v € V;, the solution
(x(1), xn (1), k(1)) to (22)-(26) exists and is bounded on {0, co0).

2) Suppose, in addition, that along a solution, Wer has a
bounded derivative and as f — oo, er and k approach limits 0 and
k*, respectively. Then k* € &r; moreover for each output injec-
tion matrix H* € C(C, A, &r), x approaches the unique bounded
solution x* the equation

= A(k™)x* + B(k*v + H*(k*)e*
e* =C(k*)x* + D(k™w

x*(0)=0

and e* approaches zero.

The Tuning Theorem’s first statement implies that adaptive
controllers satisfying the theorem’s hypotheses are capable of
stabilizing all process models ¥, € M in some neighborhood of
the nominal %,. The additional hypotheses made in the theorem’s
second statement are often satisfied when the process model has
no unmodeled dynamics and there are no external disturbances
acting on the process (i.e., when v is just a reference input).

The point of the Tuning Theorem is, of course, that it is al-
gorithm independent. The theorem owes no allegiance to any
particular parameterization or design philosophy (e.g., direct or
indirect control) leading to ¥(k) nor to any one tuning algorithm
3. All that is required is that (k) be tunable on & and that ¥r
possess Tuner Properties i)-iii). Tunability is just a bit stronger
than weak tunability which, in turn, is necessary for stability and,
as mentioned before, many tuners have the aforementioned prop-
erties. What this line of reasoning does then, is to bring into sharp
focus those key features common to a large number of seemingly
different adaptive control algorithms which are needed to verify
their abllny to stabilize.

LetCr:® — R"™™ X" denote the matrix-valued function whose
value at p is the block diagonal matrix consisting of »n diagonal
blocks each equal to 117 (p). Note that Cr is continuously differ-
entiable since Il is. The following lemma is particularly useful.
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Tunability Lemma: The matrix pair (C(p), A(p)) is de-
tectable on & = {p: lIr(p) =0, p € @} iff the matrix pair

( C(p) Al
s Y4
Cr(p)
(Levin] )
, A(p)
Cr(p)

is detectable on ®, then it is detectable on &r since & C @; but
Cr(p) =0 for p € & so (C(p), A(p)) is detectable on Er.
Now assume (C(p), A(p)) is detectable on &r. Fix p € @
and suppose that (A, X) is an eigenvalue-eigenvector pair of
A(p) for which C(p)x = 0 and Cr(p)x = 0. To complete
the lemma'’s proof, it is enough to show that real part A < 0.
Since x is an eigenvector, it cannot be zero. This, the definition
of Cr(p), and the hypothesis Cr(p)x = 0 imply that IIr(p) =
0 and thus, that p € &r. Since, by assumption, (C(p), A(p))is
detectable on &r, it follows that real part A < 0 )
Constructzon of Q*: We now explain how to construct a sub-
set Q" of process model uncertainty vectors g € Q, for which the
stability of (22)-(26) can be assured. We take as given, a bounded
subset X of initial states of (22)-(26), a positive number 6 bound-
ing admissible exogenous input v, and a compact subset Q C Q
with dense interior containing the zero vector. We presume that
the tuner X7 (23)-(26) has Tuner Properties 1)—111) and that the
Tunability Assumption holds. Q" is constructed in five steps.
Step 1: With C* as given by Tuner Property i), define ® =
{p:|p| £C*, p € ®}. The preceding lemma together with the
Tunability Assumption and Remark 1 imply that

(o))

is detectable on ®. Since @ is open, by i) of Proposition 1,

C
e ,A, @
Cr
is nonempty. Pick

C
[H,HT]E(‘.’/([ J,A,(P)
Cr

and let R be the corresponding solution to the Lyapunov equation

is detectable on @.
Proof: if

Cp)
Cr(p)

R(A+HC +HrCr)+(A+HC +HTCT)IR +1=0

as in ii) of Proposition 1.

Step 2: Let Q denote the class of functions w:[0, Z,, )—®, with
piecewise-continuous first derivatives and with 7, specifying w’s
interval of definition. For each w € Q, and each ¢ € Q define

Ua(t) = %R“(w(t»R(w(t» (29)
and
A, (1) = A(0) + H(w(D)C(w(t)
+Hr(o(t)Cr(w(f) — Uy (1). (30)

From the definition of U,, and the properties of R given in ii) of
Proposition 1, it follows that there is a nonnegative constant Cy,
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depending only on @ and C* such that

U] <Cula®|, qeQ we, tel0,t,). (31)

By iii) of Proposition 1, there are positive constants C; and
M1, depending only on Q and C*, H, and Hr, such that for
each w € (), the state transition matrix ¢, (¢, 7) of A, satisfies
l6u(t, )| < Cre™™U~, 0 <7 <t <t,. By hypothesis, Ay is
exponentially stable so there also exist positive constants C
and An such that Ay’s state transition matrix ¢n(f, 7) sat-

isfies |on(f, 7)| < Cne ™™D, 0 <7 <t <t,. Define C =
max {Cy, Cny} and N = min {A;, Ay }; then
|b(t, 7)] < Ce =D _
qeEQ wel,
lon (2, 7)| < Ce =D
0<7<t<t, (32
Step 3: Define
Cs =(1+ |M|)nCH, (33)

where Cyy, is the supremum over @ x ® of |[Hr|. Note that the
definition of Cr, which appears just above the Tunability Lemma,
implies that

qeQ, pe®. (34
xR" — lil"jm and
so that for pe®, x€R', xy € ,

IH7(p)Cr(p)| < nCh, |(p)],

Step 4 Deﬁne F’] ® xR xR™
F2 ® xR" XR — R
®™,and v € R™

Fi(p,x,xy,v)=—H(PW'(p,d, xn)N

F2([7,x, U):bN(psa) (35)

where
d(p, x,v) =E(p)x +G(p)v. (36)

In view of the linear growth assumptions (27) and the definition
of d in (36) it follows that for p € ® and q € Q;

[F1(p, x, xn, V)| < CH(Cwi(CElx|
+Cqlv |+ lxn]) + Cw2)|N]|

|F2(p, x, v} SCni(Celx| +Cgv]) + Cna

where fori = 1, 2, Cw; and C; are growth constants depending
only on Q and ®, and Cp, Cg, C¢ are the suprema over Q X @
of |H|, |E|, and |G|, respectively. Define Cy = Cn1Cg + 1 and
Cr = CyCuw(Cg + l)lNl It follows that for all x, xn, v,
geQ and p e®

IF1] < Cr(lx| +Cilxn]) + CFCqv| + CuCwr|N| a7
|F2| <Cilx| +CniCqlv| +Cna-
Step 5: With \*(q) as given by Tuner Property ii), define

={g: (Cy +Cs + Cr)\*(q)

+2C1/(Cu +Cs +CpN*(g) <M\/C, g € Q}. (38)
The continuity of A* on Q [Tuner Property ii)], the presumption
that A*(0) = O [Tuner Property iii)], and the hypothesis that Q has
a dense interior containing the zero vector, together imply that
Q" is nonempty, also with a dense interior containing the zero
vector.
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Remark 2: As constructed, Q" depends on Q C*, ®, H T
and H; @, in turn, is a functxon of Q and C*. Therefore Q"
ultimately depends on just , C*, Hy, and H. It would be use-
ful to express this dependence in more explicit terms since, for
fixed Q, Hr, and H, this would in effect give bounds on allow-
able process model uncertainty in terms of C*. For most tuning
algorithms, C* is determined by X and in some cases, by both
9 and §. It should, therefore, be possible to compute bounds
on process model uncertainty, in terms of X and §. It would be
interesting to see how these bounds depend on the choice of

C
(. Hr € (e{ },A,(P)-
Cr

Proof of Tuning Theorem: It will first be shown that As-
sertion 1 of the theorem is true. For this, fix g* € Q", v € V;,
initial state (x(0), xn(0), £(0)) € X and let (x(¢), xn(?), k(2))
be the resulting solution of (22)-(26) with maximal interval of
existence [0, £). From Tuner Property i) and the definitions of ®,
it follows that k(7) € ® for ¢ € [0, ).

With U, 4, F,, and F, given by (29), (30), (35), and (36)
define A,,Ag, f1, fz, and b alon’g solution (x, xn, k) so that
fort €[0,7),y €cR" and yy € R

Ai(t) = Ay
Ay(t) =Apn
N1, yn, ) = (U = HrCr)y — Fi(k, y, yn, v)Wer
f2(y, 1) =Fy(k, y, v)
b=(B+HDy — Hér. (39)

Using these definitions together with (22) and (24), it is possible
to write the differential equations for x and x» in (22) and (26),
respectively, as

=A\(tx + f1(x, xn, ) + b(t)

XN =A2(t)xN +f2(x, l).

Next, observe that the definitions of f; and f, in (39) together
with inequalities (31), (34), and (37) imply that

(40)

V(s yn, O] < (Cy k] + nCy, [TIK)))| |

HCr(ly|+Cilyn)+C)|Wer| (41)

|f2(0, O] < Cilyl +Ca

where C, = 8CrCg + CyCy,|N| and C, = 6Cni1Cg +Cwa.
tI‘;lrom (23) |1'I(k)| < k| + |M||Wer| Thus, (33) and (41) imply
at

(42)

F1s yus DI <oy +Cilyn]) +h (43)
where
0 =(Cy +Cs +Cr) sup {|k|, |[Wer|}
h=wer|C,. (44)

Tuner Property i) together with the definition of b in (39),
imply that b is bounded. In addition, Tuner Properties i) and ii)
ensure that A is bounding and that ¢ is nondestabilizing along
(x xN), with growth rate \** < (Cp + Cs + Cy)N\*(g*). But
g* € Q. In view of the definition of Q" in (38), it must be true
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that A** +2CV/A** < \/C. Therefore, by applying Lemma 1
to (40) with ¢ = 7, we conclude that (x(¢), xn{(?)) is bounded on
[0, ¢). Thus, (x(f), xn(2), k(¢)) is bounded wherever it exists,
so this solution must exist and be bounded on [0, 00).

Now, suppose that the hypotheses of the theorem’s second
statement are satisfied. Then the integral fooo kdt converges and
from (23), k is bounded. These properties imply that k& — 0.
Since by assumption ér — 0, it follows from (23) that II(k) — 0
ask — k* orthat k* € &r.

The preceding and (44) imply that /2 and ¢ are zeroing func-
tions. Therefore, by Lemma 1, x — X where

X =A ()X +b. (45)
Let x* and H* be as in the tuning theorem’s second statement
and define z = x —x*. From (30), (39), and (43) it follows that:

2= (AK) +H* kNCKk" )Nz + ¢ (46)
where
§ = (A(k) - A(k™")x + Hr(k)Cr(k)x — Ukx
+ H*(k*)(C(k) — C(k*)X + (H(k) — H*(k*)Cx

+ (Btk) — B(k*)v — H(k)er + (H(k)D(k)
— H*(k*)D(k"))w.

Since v and ¥ are bounded, Kk — k* and k and &, go to O,
it follows that Cr(k) — Cr(k*) = 0, that Uy — O because
of (31), and thus, that { — 0. But A(k*) + H*(k*)C(k*) is
exponentially stable, so from (46), z — 0. Therefore, x — x™ as
claimed. This together with (22), (24), and the definition of e*
in the tuning theorem, imply that e* — 0. 0O

V. CONCLUSIONS

The purpose of this paper has been to illustrate some of the
advantages of thinking of a parameter adaptive control system as a
system consisting of a process, a parameterized controller, and a
tuner, interconnected in a particular way. The proposed structure
has the virtue of being general enough to describe many different
kinds of adaptive systems including those of the model reference,
self-tuning, and high-gain feedback types. While error models
are not used in this setting, special emphasis is placed on the
importance of a tuning error. This leads, naturally, to the concept
of weak tunability which proves to be a fundamental property any
parameter adaptive control system of the aforementioned type
must have if stability is to be assured.

The tuning theorem of Section 1V is applicable to a large class
of adaptive control systems. By modifying the theorem’s hypothe-
ses, it should be possible to obtain new theorems appropriate to
other classes of adaptive systems. For one such class, this has
already been done. It has been shown in [15] that if the param-
eterized system X(p) = (C(p), A(p)): 1) depends ratlonally and
co/mmuously on a scalar parameter p € ® = R; 11) is tunable on
@', and iii) is “‘uniformly high-gain stabilized,” then the state
(x, k) of the adaptive system k = HC(k)xHZ, x = A(k)x is
bounded on [0, 00) and x — 0 as { — oo.

One consequence of the ideas in this paper has been the realiza-
tion that strict adherence to the Certainty-Equivalence Principle
of indirect control is unnecessarily limiting. In a sequel to this
paper [28], it is shown that only by discarding one of the prin-
ciple’s main tenets— pick feedback gains to stabilize the design
model—it is possible to obtain with indirect control, algorithms
with capabilities comparable to the classical algorithms of direct
control.

APPENDIX

The proof of Lemma 1 depends on the following result which
is a slight generalization of the Bellman-Gronwall Lemma.
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Lemma 0: If for some constant C >0 and nonnegative
piecewise-continuous functions o:[fy, {2) — R and 8:1f1, #2) —
R, u:[t;, t;) — R is a continuous function satisfying

t
ut) <C +/ (a(T)u(T) + B(t)dT, t€lt, ) (A.])
5
then
i d { "
u(ty < Ce +/ L T R I )
4

(A2)
Proof: Set
v(t) = u(t)e_j:l a(r)d‘r’
w(t) = (C +/ (a(r)u(r) +B(T))dr> oI e
4

and note from (A.1) that

v(t) <w(b), tE(t, t). (A3)

Differentiating the expression for w and then replacing u(¢) by

! alrydr

U(t)ej’l

gives

_f 7V dT
W= a(o —w)+ fe dn 4

Hence, by (A.3),

! a(r)dr

w S Be_‘l:I

Integrating this inequality and then using (A.3) we obtain
t T
- a(p)d,
v(I)SCJr/e f" ¥ 8(rydr, t fty, ).
5]

Multiplying through by e ff- andr and then replacing e ffl andr
v(f) by u(¢) yields (A.2), which is the desired result. D
Proof of Lemma 1: By hypothesis, \* +2C;vVA* < \/C.

Thus, there exists a number X satisfying
A< \/C (A4)

and X < N*+2C; VA~ Therefore, since the number 6 = —C, +

V/C? + \ satisfies

8 +2C16 =X\ (A.S5)

there follows
5 > \*. (A.6)

To prove that y(¢) is bounded on [0, £), it is enough to show
that

Jty =1, (@), dyy(0 (A7)
exists and is bounded on [0, 7). For this, first define
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In view of (A.6) and the hypothesis that ¢ is nondestabilizing
along y with growth rate N\*, there must be constants C3 and Cy4
such that

Cs

7 dy,

1+ (] “#
0<r

This, together with (A.5) and the inequality 1+ (7| > (1 +8)(1+
|¥]) imply that & satisfies

t 1
/ lo(p)|dp < C3 +8%(t — 1) +/

!

IA

t<t.

t ! ~
_ < Cy

dp <Csz + Nt — —2  _dy,

/,"’"‘)' 2O+ [ e

0<7<t<t (A9

where C3 = (1 +C/8)C3 and Cyq = (1 +8)(1 + C,/8)Cs.
By the variation of constants formula
Yi(t) = @a, (1, L)yi(81)
t
+/ b4, (t, I1(21(7), ¥2(7), T) + b(T)) dT
Iy

(A.10)
y2(8) = da,(t, L1)y2(t1)

'3
. / (b, D201 (1), .
t

From these equations and (6) it follows that:

()] < Ce ™M1y (1))

1
4 / eI (o (D31 ()] + Caly2 (1)) + 1h(D)| + |b(r)| dr)
hH
ya()] < CemNa=) (mm)

+/ e“"‘”(Cllyl(T)l+Cz)dr).
8]

These inequalities, together with the definitions of ¥ and & in
(A.7) and (A.8), yield

[P(1)] < Ce ™0~ (Iﬁ(h)l

t
+ / e~ (a3 + [h()] + IE(T)i)dT>
0

where b(7) = |b(7)| + 6C,. Multiplying both sides of the pre-
ceding by eM*~) and then using Lemma 0, we obtain

N0 5] < ()] eI PO

+C/'effc“7‘“”d“ M) + B dt.

4

Multiplying through by e =™/~ and using (A.9) yields

PO < CeC[pien]e I ™%

CeCC / "ot (| 4 1B dr
I3

(A.11)
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where
m(t) =X — CX —CC,4 /(1 + |3(1)))- (A.12)

In view of (A.4) there exists a positive number A<A—CA.
Define

r
Cs = / e N (|h(r)| + [B(r)]) dr.
0

Since |h| and \b\ are bounding, Cs < oo.

Suppose 7| is not bounded on [0, 7). This and the continuity
of |7(¢)| imply that for any number C¢ > O there must exist a
closed interval |t|, t,] C [0, £) such that

P(t)] = |P0)| + CCs /N —CR —N)  (A.13)
()] >CCs/N=CR=N), te[t),ta] (A.14)
|¥(22)| > Ce. (A.15)

But (A.12) and (A.14) imply that (z) > X, ¢ € [t,, t,]. From
this, (A.13), and (A.11) it follows that for ¢ € [t, t,]

17(£)] < Ce€C3|5(0)| + CCy /(N — CX — X) + Cs.

Choosing C¢ equal to the right side of this inequality and evalu-
ating the inequality at ¢ = /,, leads to a contradiction of (A.15).
Thus, y(¢) is bounded wherever it exists; in view of (A.7) this
must also be true of y, so y must exist and be bounded on [0, ?).

To show that ¥y — x* when o and h are zeroing functions,
it is enough to show that e = y — x™* goes to zero as ¢t — oo.
Since x* satisfies (7), and y satisfies (5), from the variation of
constants formula

1
e(t) = b, (1, OY1(0) + / a,(t, D 1(¥(7), T 7.
4]

From this and (6)

!
le1 ()] SCe‘“|y1(0)|+C/ e MN-D8(7)dr  (A.16)
0

where 3(1) = |a(D)|([y1(D)] +C1|y2()]) +h(2). Note that 8 is
a zeroing function, since || is bounded and, by hypothesis, |o|
and |h| are zeroing functions. From this and (A.16), it follows
that e(¢) — 0 as t — oco. O

Proof of Lemma 2: Let FR™ " & R"™" &S — § denote
the analytic function

F(C, A, M) =AM + MA' — MC'CM +1. (A.17)

Fix (C, A) € Q. Since (C, A) is detectable (i.e., (4’, C’) is
stabilizable), there must exist a unique symmetrlc solution R
to the Riccati equation F(C, A,R) = 0 (cf. [26, ch. 12]).
With R deﬁnmg the value of R( -} at (C, A), R(:) is well de-
fined and unique. In addition, by the implicit function theorem
(cf. {17, p. 273]), R(:) will be analytic provided that at each

. . OF .
point (C, A) € Q, the Jacobian of B_M(C’ A, M)|M:§(C‘A) is

nonzero. This in turn will be so if for each fixed (C, A) € Q, the
7 = n(n + 1)/2 matrices

OF (C, Azn:x,E,)
M; = J

Bx,-

ZX,E,:R(C,A)
iz

are linearly independent, {E,,---,Ep} being a basis for S.
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To show that this is so, first note from (A.17) that M; = L(E;)
where L:S — § is the linear function defined by

L(X)=(A —R(C, A)C'C)X + X(A —R(C, A)C'C)'.
Since (4 — R(C, A)C'C) is a stability matrix (cf. [26, ch. 12]),
L(+) is an isomorphism.

Now let {ui, -,ua} bQ any set of numbers for which
S wiMi = 0;_then L(Z _#iEi) = 0 and since L(-) is an
isomorphism, Z" Bi . But {Ey,--+,E5} is an indepen-
dent set, so u; = 0,1 = 1,---,n This proves that the M; are
independent, that the implicit function is applicable, and thus that
R(-) is analytic. ]

Proof of Progosmon 1: In view of Lemma 2, the matrix
function R:& — defined by R(p) = R(C(p), A(p)), de-
pends contmuously on g € Q, is continuously differentiable on &,
and stabilizes A(p) — R(p)C'(p)C(p), for p € &, q € Q. It fol-
lows that H(p) = —R(p)C’(p) has all of the properties required
for i) to be true.

Let H be any matrix in C(C, A4, &). Then the pair (0, (A(p)+
H(p)C(p))) is continuous on Q and continuously differentiable
and detectable on &. It follows from Lemma 2 that R(p) =
R(0, (A(p) + H(p)C(p))') has all of the properties required for
ii) to be true.

To prove iii), define

sup  N(R(p))

(g, pyEQXE

A = inf MR(p)), 2 =

(g, p)eaxe

where M(-) and A() denote minimal and maximal eigenvalue,
respectively. Since R is continuous on Q x & and positive definite
on the compact subset Q X &, it follows that 0 < A\; < \; < co.
Clearly

Mx|? <x'Rp)x <N|x|?, xeR",qeQ pes.

(A.18)

Forx € R", define yiy=9¢(t, r)xand ¥V =y (t)R({(t))y(t)
In view of assertion i), ¥ = —||y||2; but from (A.18), || ¥|* >
(A/\)V,s0V < —(1/N)V. Clearly V() < e VMU= (7).
Therefore, by (A.18), )\1 Hy(t 2 < Mge V=D y())2.
Hence, Ildz(t X2 < (/ADe M| x|i2 or with X =
1/2v%z, |lot, )l <n )\2/)\ e =7 From this, it follows
that (28) holds with C ='n \ﬁ\z /. O
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