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ABSTRACT
This paper studies the detection of spectral targets corrupted by a colored Gaussian background from noisy, incoherent projection measurements. Unlike many detection methods designed for incoherent
projections, the proposed approach a) is computationally efficient,
b) allows for spectral backgrounds behind potential targets, and c)
yields theoretical guarantees on detector performance. In particular,
the theoretical performance bounds highlight fundamental tradeoffs
among the number of measurements collected, the spectral resolution of targets, the amount of background signal present, signal-tonoise ratio, and the similarity between potential targets in a dictionary.
Index Terms— Hyperspectral imaging, Target detection, False
Discovery Rate, Incoherent projections, Compressive sensing
1. HYPERSPECTRAL TARGET DETECTION
Hyperspectral imaging is a useful tool in such applications as remote
sensing and astronomical imaging because it allows inference of the
material composition of a scene and localization of materials of interest. Target recognition performance is typically affected by the
spatial and spectral resolution of this data, and there are several challenges associated with collecting and using high-resolution hyperspectral data. To collect a hyperspectral image of size M × M × N
(i.e. M 2 spatial locations, each with N spectral bands), conventional
cameras require M 2 N detectors, which may be prohibitively large
or expensive.
Recent developments in the field of compressed sensing offer an
attractive potential solution to this problem. The core idea of compressed sensing is that if a signal or image of interest is sparse in
some domain, then it can be reconstructed accurately from very few
(relative to the dimension of the signal or image) non-adaptive measurements [1, 2]. Several researchers exploit compressed sensing to
build practical systems that acquire such measurements and use sophisticated reconstruction algorithms to recover the true underlying
intensity [3, 4]. One example is a single-shot compressive spectral
imaging system which collects coded projections of each spectrum
in the spectral image [3]. The number of detectors required in this
setup scales with the number of spatial locations M 2 and the number
of projections K ≤ N . This paper explores how such hyperspectral
cameras can be used in target detection applications. In particular, to
investigate the applicability of such systems to target detection, we
consider the following questions: 1) What kinds of measurements
will enable efficient target detection? 2) How can one perform target
detection from incoherent projections? 3) How can one incorporate
background models into this setup? 4) How does performance scale
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with the number of measurements collected, the spectral resolution
of targets, the amount of background signal present, the signal-tonoise ratio, and the similarity between potential targets in a dictionary? We address these questions in this paper.
1.1. Previous investigations
Over the past few years, researchers have investigated the benefits of
exploiting compressed sensing in classification and target detection
[5, 6, 7]. In [5], the authors propose a matching pursuit based algorithm, called the Incoherent Detection and Estimation Algorithm
(IDEA), to detect the presence of a signal of interest against a strong
interfering signal from noisy and incoherent projections. The algorithm is shown to perform well on experimental data sets under some
strong assumptions on the sparsity of the signal of interest and the interfering signal. However, theoretical results are not provided on the
performance of this detector relative to the number of measurements
that one collects. Davenport, et al. [6] propose a matched filter based
algorithm, called the smashed filter, to classify an image in RN ×N
to one of m predetermined classes based on K incoherent projections, where K  N 2 . In this approach, the authors model the
images in each class using a manifold and discuss the kinds of incoherent projections that would preserve the manifold structure under
each class. An image is classified based on a nearest-neighbor search
on each of the m different manifolds. This approach offers theoretical results on the number of measurements needed relative to the
size of each image and the intrinsic dimensionality of the manifolds.
However, it is computationally expensive since it involves searching
over different manifolds. Also, it is not immediately clear how to
incorporate background information in such a manifold model. In
[7], the authors present a hypothesis testing framework to classify a
single signal in RN as one of m different signals using K < N random projections and give bounds on the probability of classification
error. Though this approach is simple to implement, its extension
to hyperspectral target detection problems is nontrivial because of
background and the need for multiple testing performance bounds
when considering M 2 spatial locations.
2. PROBLEM SETUP
Let us consider the problem of detecting spectral targets from incoherent hyperspectral projections of the form
y(x1 , x2 , ·) = Φ(αf ∗ (x1 , x2 , ·) + b(x1 , x2 , ·)) + n(x1 , x2 , ·)
(1)
where
• x1 , x2 ∈ {1, . . . , M } correspond to the spatial coordinates
of the hyperspectral data,

• α is a measure of the signal-to-noise ratio which is assumed
to be the same at every spatial location,
• f ∗ (x1 , x2 , ·) is one of the m possible unit-norm targets from
a known spectral dictionary D = {f (1) , f (2) , . . . , f (m) },
• Φ ∈ RK×N is a random measurement matrix with K < N ,
• b(x1 , x2 , ·) ∈ RN ∼ N (µb , Σb ) is the background noise
vector and
• n(x1 , x2 , ·) ∈ RK ∼ N (0, σ 2 I) is the i.i.d. sensor noise
that corrupts the observations.
For simplicity, let us index each observed spectrum by yi =
Φ(αfi∗ + bi ) + ni for i = 1, . . . , M 2 . Assume that the sensing
matrix Φ, the background and noise vectors are independent of each
other, and that α is known or can be estimated. We will elaborate
on different ways of estimating α in our future work. Typically, in
hyperspectral target detection, the background corresponding to the
scene of interest and the sensor noise are modeled together by a colored multivariate Gaussian distribution [8]. However, in our case,
it is important to distinguish the two because of the presence of the
projection operator Φ. The projection operator acts upon the background spectrum in the same way as on the target spectrum, but it
does not affect the sensor noise. Suppose that the end user wants
to test for the presence of one target versus the rest, but it is not
known a priori which target from D the user wants to detect. With
this problem setup, our goal is to find a way to perform hyperspectral target detection from y ∈ RM ×M ×K , characterize the detector
performance, and relate it to the number of observations we collect.

Using linear algebra and matrix theory, it is possible to show that if
B = I − AΣb AT is positive definite, then
Φ = σB −1/2 A
satisfies (3) 1 . The following lemma gives the conditions under
which B is positive definite.
Lemma 1: If the largest eigenvalue of Σb satisfies
λmax <

1
,
kAk2

where kAk is the spectral norm of A, then B = I − AΣb AT is
positive definite.
The proof of this lemma is provided in the appendix. This lemma
draws an interesting relationship between the maximum background
perturbation that the system can tolerate and the spectral norm of
the measurement matrix, which in turn varies with K and N . The
lemma below gives an upper bound on λmax as a function of the
dimensions of A.
Lemma 2: There exists an absolute constant c > 0, such that
if λmax < „q 1 «2 , then, with high probability, B is positive

3. OUR APPROACH
We begin by transforming the observation model in (1) through a
series of operations to arrive at a model of the form
yi = αAfi∗ + zi
for i ∈ {1, . . . , M 2 }, where the entries of A are i.i.d. draws from
N (0, 1/K) and zi ∼ N (0, I) is white Gaussian noise. We will
later justify this particular choice of A.
Suppose that there is enough background training data available
to estimate the background mean µb and covariance matrix Σb . We
can assume without loss of generality that µb = 0 since Φµb can be
subtracted from y in practice. Given Φ, it is straightforward to show
that n0i , Φbi + ni ∼ N (0, ΦΣb ΦT + σ 2 I). Next, we apply
the whitening filter given by CΦ = (ΦΣb ΦT + σ 2 I)−1/2 , and it
can be easily shown that CΦ n0i ∼ N (0, I); that is, the transformed
noise is white and Gaussian. The subscript on C indicates the C is a
function of Φ. After whitening we observe,

c2

N
K

+1

definite.
The proof of this lemma is given in the appendix. For a given N , the
upper bound on λmax increases as K increases, which implies that
the system can tolerate more background perturbation if we collect
more measurements.
The hyperspectral target detection problem can then be cast as
the following multiple hypothesis testing problem:
H0i : fi∗ = f (`)

(4)

fi∗

(5)

(`)

(`)
H1i

:

6= f

(`)

for i = 1, . . . , M 2 . Note that the hypotheses are defined so that the
ith null hypothesis corresponds to the presence of the target spectrum in the ith spatial location. Let us define
fbi , arg min kyi − αAfek2 .

(6)

fe∈D

yi0 = CΦ y = αAfi∗ + CΦ n0i
where A = CΦ Φ and i ∈ {1, . . . , M 2 }.
It is important to consider the impact of A on the spectral dictionary of interest to develop a suitable target detection approach. Let
` ∈ {1, . . . , m} be the index of the target spectrum of interest. The
presence of the target spectrum f (`) ∈ D at every spatial location
i = 1, . . . , M 2 can be detected using the following criterion:
Declare fi∗ = f (`) if kyi − αAf (`) k2 ≤ kyi − αAfek2

It is well known that, with high probability, a projection matrix
whose entries are i.i.d. draws from N (0, 1/K) preserves distances
between vectors in RN [9]. Thus, if we choose the entries of A as
ai,j ∼ N (0, 1/K) for i = 1, . . . , K and j = 1, . . . , N , then the
corresponding Φ can be found by solving the following equation:
“
”1/2
−1
Φ = CΦ
A = ΦΣb ΦT + σ 2 I
A.
(3)

(2)

for all fe ∈ D\f (`) , where D\f (`) refers to the dictionary D excluding the target spectrum f (`) . In words, we declare that target
f (`) is present if no other target in D is a better fit to the data.

The decision rule in (2) can be equivalently written as
(`)

Declare H0i if fbi = f (`)

(7)

for i = 1, . . . , M 2 . Note that it is not always necessary to compute
(`)
fbi at every spatial location to declare H1i . To see this, observe
that it takes O(N K) operations to compute kyi − αAfek2 for any
fe ∈ D and at most m such computations to find some fe ∈ D\f (`)
such that kyi − αAfek2 < kyi − αAf (`) k2 . However, it always
1 The authors would like to thank Prof. Roummel Marcia for fruitful discussions related to this work.

(8)
where the subscript i is dropped to signify that the tests are identical.
The following theorem presents our main result:
Theorem 1: Suppose that one performs M 2 identical hypothe(`)
ses tests of the form (4) and (5) such that yi |Hzi are i.i.d for
z ∈ {0, 1}, and makes decisions according to (7). Then the worstcase pFDR satisfies the following bound as long as the background
covariance matrix satisfies the bound of Lemma 1:
!−1
„
«K/2
α2 dmin
max pFDR(`) ≤
1+
−m
(9)
`∈{1,...,m}
4K

sus the others increases, and thus more measurements are needed
to identify different targets. Fig. 1 illustrates how the pFDR bound
changes as a function of K, α2 and dmin for given values of N and
m. Our simulation studies showed that the number of targets do
not seem to affect the bounds as much as α2 and dmin does. Thus
the pFDR bound in (9) brings out interesting relationships between
various quantities such as K, m and dmin .
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pFDR bound

takes O(mN K) operations to compute fbi .
We characterize the performance of this detector using the positive False Discovery Rate (pFDR) criterion introduced by Storey
[10] since it lets us analyze the errors that one encounters in testing
multiple hypotheses simultaneously. The pFDR in this context is the
expected ratio of the number of missed targets to the total number
of pixels declared not to have a target present, subject to at least one
pixel being target-free. (Note that this ratio is traditionally referred
to as the positive false nondiscovery rate (pFNDR), but is technically
the pFDR in this context because of our definitions of the null and
alternate hypotheses.) With our problem setup, for each hypothesis
test, the distribution of the test statistic yi under the null hypothesis
(`)
is yi |H0i ∼ N (αAf (`) , I), and under the alternate hypothesis is
P
(`)
(j)
1
yi |H1i ∼ m
, I); under both hypotheses,
j=1,j6=` m−1 N (αAf
yi ’s are i.i.d. across all spatial locations. Storey [10] showed that the
pFDR for such identical hypothesis tests is given by
“
”
“
”
(`)
pFDR(`) = P H0 |fb 6= f (`) ≡ P f ∗ = f (`) |fb 6= f (`)
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Fig. 1. Plot of the pFDR bound as a function of K, α2 and dmin for a
fixed N = 220 and m = 10. The plots in black correspond to α2 =
75 and the ones in gray correspond to α2 = 25 respectively. The
dotted curves correspond to dmin = 1 and the solid lines correspond
to dmin = 2 respectively. From the plots it is clear that the bound
worsens as the signal-to-noise ratio decreases, and as the ambiguity
among different spectra in D increases.

where
dmin =

min

4. CONCLUSION

kf (i) − f (j) k2 .

f (i) ,f (j) ∈D,i6=j

The proof of this theorem is provided in the appendix. Observe that
this bound is independent of N , and is only a function of K, m, the
signal-to-noise ratio α, and dmin . The lack of dependence on N is
not unexpected. Indeed, when we are interested in preserving pairwise distances among the members of a fixed dictionary of size m,
the celebrated Johnson–Lindenstrauss lemma [9, 11] says that, with
high probability, K  log m random Gaussian projections suffice,
regardless of the ambient dimension N . This is precisely the regime
we are working with here. For the bound in (9) to be nonnegative
”K/2
“
2
dmin
and ≤ 1, one needs to ensure that 1 + α 4K
≥ m + 1,
which leads to the following condition on K:
K≥

2 log(m + 1)
“
”.
2d
min
log 1 + α 4K

(10)

Thus, if α and dmin are such that α2 dmin  K, then K  log m
measurements at each spatial location (i.e. of each spectrum) suffice
to guarantee a given value of the pFDR regardless of the spectral
dimension, N , where the proporotionality constants depend on the
desired pFDR level. This observation suggests that if dmin is very
small, which implies that the spectra in D are very similar to each
other, then the signal-to-noise ratio (α) has to be high enough that
any two spectra can be reliably distinguished. The dependence of
K on log m implies that, as the number of possible target signals
increases, the difficulty of detecting the presence of one target ver-

In this work we proposed a way to perform hyperspectral target detection from incoherent projections and derived worst-case theoretical bounds on the detector performance. Our future work on this
topic will involve extending the analysis to the case when the SNR
may depend on the spatial location, and incorporating other background models in our framework. Also, we will investigate other
ways to construct the measurement matrix such that its entries are
nonnegative, which will make it practical to implement in a real system.
APPENDIX
Proof of Lemma 1: To ensure positive definiteness of B, we must
have
“
”
xT Bx = xT x − xT AΣb AT x > 0
(11)
for any nonzero
x ∈´ RK . Note that since Σb is positive semidef`
inite, xT AΣb AT x ≥ 0. However, the right hand side of
(11)` is > 0 only
norm of AΣb AT is < 1, since
´ if the spectral
T
T
2
x AΣb A x ≤ kxk · kAΣb AT k. The norm of AΣb AT is
in turn bounded above by
kAΣb AT k ≤ kAkkΣb kkAT k
= kAk2 kΣb k = kAk2 λmax

(12)

since kAk = kAT k and kΣb k = λmax , where λmax is the largest
eigenvalue of Σb . To ensure kAΣb AT k < 1, the right hand side of
(12) has to be < 1, which leads to the result of Lemma 1.
Proof of Lemma 2: By construction, the entries of A are drawn
from N (0, 1/K). Vershynin [12] has shown that if G is a K × N
random matrix with i.i.d. zero mean subgaussian entries with unit
variance, then, with probability at least 1 − exp (−c(K + N )), the
following holds:
“√
√ ”
kGk ≤ c
K+ N
where c is an
absolute constant.
Applying this result to A yields
”
“p
N/K + 1 with high probability. This result,
kAk ≤ c
together with the result of Lemma 1 yields Lemma 2.
Proof of Theorem 1: The proof of Theorem 1 follows by writing out the Bayesian interpretation of pFDR in (8) and bounding
the numerator and the denominator terms. Using Bayes’ rule, (8)
can be written as
”
” “
“
P f ∗ = f (`) P fb 6= f (`) |f ∗ = f (`)
“
”
pFDR(`) =
. (13)
P fb 6= f (`)
”
“
If each spectrum in D is equally likely, then P f ∗ = f (`) = 1/m
”
“
and P f ∗ 6= f (`) = 1 − 1/m. Haupt, et al. [7] have shown that
the probability of error incurred in classifying a signal f ∗ ∈ RN to
one of m different classes from a known dictionary D, given K < N
measurements of the form y = αAf ∗ + n and the knowledge of
the measurement matrix A, can be upper bounded by
“
”
“
”
Pe , P fb 6= f ∗ = P fb 6= f (j) |f ∗ = f (j)
„
«−K/2
2
α2 dmin σA
≤ (m − 1) 1 +
(14)
4
for a fixed nonrandom f ∗ = f (j) ∈ D, where fb is estimated ac2
), and
cording to (6), the entries of A are i.i.d. draws from N (0, σA
2
n ∼ N (0, I). In their setup, σA = 1/N , whereas in our case
2
σA
= 1/K. The numerator in (13) can be upper bounded by relating it to the probability of error in a classification setting as follows:
“
” “
”
P f ∗ = f (`) P fb 6= f (`) |f ∗ = f (`) = Pe /m.
(15)

“
”
P fb 6= f ∗ , f ∗ 6= f (`)

=

1−

=

Pe
1−
1 − 1/m

P (f ∗ 6= f (`) )

≥1−

Substituting (17) in (16) one can see that
„
“
”
P fb 6= f (`) ≥ (1 − 1/m) 1 −

“
”
P fb 6= f ∗
1 − 1/m
(17)

Pe
1 − 1/m

«
(18)

The result of Theorem 1 follows directly from (14), (18) and (15).
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