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Abstract— Two-player single-controller zero-sum stochastic
games are a class of zero-sum dynamic games with Markovian
state dynamics, where only one player controls the state transitions. Design of optimal strategies for such games with large
state and action spaces relies on computationally demanding
dynamic programming. Linear programming can also be used,
but the number of constraints equals the number of states. This
paper presents a class of simple suboptimal strategies that can
be constructed by playing a certain repeated static game where
neither player observes the specific mixed strategies used by
the other player at each round. We quantify the suboptimality
of the resulting strategies and show that, when the two players
honestly follow the prescribed protocol, each player can exploit
the regularity or predictability of the moves of the other player,
and thus speed up convergence to the minimax value.

I. I NTRODUCTION
Game theory studies strategic interactions between rational
agents. Stochastic games [1], [2] are a special type of
dynamic games with a global state variable. At each stage
of the game, the players choose their actions, and each
receives a payoff that depends on the current state and on
the chosen actions. Then, the game moves to a new random
state, whose distribution depends on the previous state and
on the most recent actions of the players. Herein, we are
interested in two-player single-controller zero-sum stochastic
games, where only one agent controls the state transitions,
and the loss of one agent is the reward of the other and
vice versa. We focus on single-controller games because of
their natural connection with so-called regret minimization
methods for sequential (or online) learning [3] (we explain
this connection in more detail below). Existing work [1], [4]–
[6] has mainly focused on finding and computing equilibria
for such games. However, in practice, the associated computational burden severely limits the range of applications
(e.g., the computational complexity of dynamic programming
scales quadratically with the number of states; in linear
programming formulations, the number of constraints equals
the number of states). In this paper, we construct a class
of suboptimal yet simple strategies, such that the expected
payoff of the two players is close to the minimax value.
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Single-controller stochastic games are closely related to
regret minimization [3] in online Markov decision processes
(MDPs) [7]–[15]. Just like its offline counterpart, the online
MDP problem involves a controlled Markov chain, but the
state-action cost function varies arbitrarily with time, and
the agent finds out the current cost function only after
having taken an action. An online MDP can be viewed
as a two-player single-controller stochastic game, where
the agent controls the state transitions, while an oblivious
(i.e., open-loop) environment chooses the cost functions.
In such a situation, the agent’s objective is to minimize
regret relative to the best stationary Markov policy that
could have been selected with full knowledge of the cost
function sequence over the horizon of interest. Earlier work
[8], [9], [12], [14] has concentrated on developing algorithms
that achieve sublinear regret when the environment is acting
arbitrarily and likely sub-optimally. In contrast, we consider
the environment to be a rational opponent who is adaptive
to the agent’s actions and has a specific goal: maximize his
long-term average reward.
In the setting of zero-sum matrix games (without a state),
the von Neumann minimax theorem guarantees the existence
of a minimax equilibrium in mixed strategies, such that
each player can minimize his maximum losses. There is
an intimate connection between the minimax value of a
zero-sum game and regret minimization: if two players in
a repeated zero-sum matrix game (i.e., a stochastic game
without a state) respond to each other’s moves using regret
minimization algorithms, then each player’s average payoff
converges to the minimax value, their average strategies
constitute an approximate minimax equilibrium, and the rate
of convergence is determined by the players’ regret [3].
Moreover, recent work by Daskalakis et al. [16] and by
Rakhlin and Sridharan [17] has shown that, if the two players
are honest and do not deviate from the prescribed protocol,
then their average payoff converges to the minimax value
at fast rates. To the best of our knowledge, the possibility
of using regret minimization algorithms to approach the
horizon-dependent minimax value of dynamic games has not
been previously investigated in the literature.
In this paper, we look at regret minimization and stochastic
games from a different and novel prospective. We are not
interested in minimizing the regret against the best stationary
strategy; instead, we shift our focus toward using regret minimization strategies to derive simple suboptimal strategies
for single-controller stochastic games. To the best of our
knowledge, this topic has not been the subject of previous
work. Note that in the case of zero-sum matrix games, the

minimax equilibrium is a static object referring to the onestage game, contrary to a T -round stochastic game, where the
minimax equilibrium is a dynamic object. In this paper, we
show how to approximate the dynamic minimax equilibrium
by simple stationary strategies using regret minimization.
As a first step, we reduce the single-controller stochastic
game to an online linear optimization problem. This enables
us to use regret minimization strategies to generate a pair
of stationary policies and prove that the average payoff
converges to the average minimax payoff at fast rates. As
a result, we are able to approximately solve two-player
stochastic games in a simple and efficient way. Moreover,
we precisely quantify the degree of sub-optimality of the
proposed policies by characterizing the rate at which the
associated payoff converges to the game’s minimax value.
Finally, inspired by the work of Rakhlin and Sridharan [17],
we illustrate how we can achieve faster convergence rates
when both players incorporate appropriate prediction models
of their opponents’ strategies into their decision loops.
Notation. The simplex of all probability distributions on a
finite set Y is denoted by P(Y); the set of all Markov (or
row-stochastic) matrices P = [P (z|y)]y∈Y,z∈Z with rows and
columns indexed by the elements of Y and Z respectively is
denoted by M(Z|Y). The elements of M(Z|Y) transform
probability distributions on Y into probability distributions
on Z by matrix multiplication: µ 7→ µP . Any µ ∈ P(Y)
and P ∈ M(Z|Y) can be combined to form a probability
distribution µ ⊗ P ∈ P(Y × Z): µ ⊗ P (y, z) , µ(y)P (z|y).
The L1 distance between µ, ν ∈ P(Y) is
X
kµ − νk1 ,
|µ(y) − ν(y)| ≡ sup |hµ, f i − hν, f i| ,
y∈Y

f : kf k∞ ≤1

where the supremum is over all real-valued functions on Y
with absolute value bounded by 1, and we use the linear
functional
notation for expectations: hµ, f i = Eµ [f ] =
P
y∈Y µ(y)f (y). The Kullback–Leibler divergence (or relative entropy) between µ and ν is denoted by D(µkν).
II. P ROBLEM FORMULATION
We consider a single-controller stochastic game, i.e., only
one player controls the state transitions [5]. The finite state
space is denoted by X, and there are two finite action spaces
for the two players, U1 and U2 . The cost function is c :
X × U1 × U2 → [0, 1]. Player 1’s closed-loop behavioral
strategy is denoted by the tuple γ = (γ1 , . . .), where γt :
t−1
t−1
Xt ×Ut−1
→ P(U1 ), and P1,t ≡ γt (xt , ut−1
1 ×U2
1 , u2 ) is
t−1
his mixed strategy at time t given the history (xt , u1 , ut−1
2 )
of past and present states and past actions by both players.
Similarly, Player 2 also has a closed-loop behavioral strategy
denoted by the tuple δ = (δ1 , . . .) with δt : Xt × Ut−1
×
1
Ut−1
→
P(U
),
and
his
mixed
strategy
at
time
t
is
given
2
2
t−1
by P2,t = δt (xt , ut−1
1 , u2 ). Since Player 1 alone controls
the state transitions, the controlled transition kernel is given
by K(y|x, u1 ), which specifies the probability of moving to
state y given the current state x and Player 1’s action u1 .
The game protocol is the following:

X1 = x
for t = 1, 2, . . .
Players 1 and 2 observe the state Xt
Player 1 chooses P1,t and draws U1,t ∼ P1,t ;
Player 2 chooses P2,t and draws U2,t ∼ P2,t ;
U1,t and U2,t are revealed to both players
Player 1 incurs cost c(Xt , U1,t , U2,t ),
Player 2 incurs cost −c(Xt , U1,t , U2,t )
The state is updated to Xt+1 ∼ K(·|Xt , U1,t )
end for

Given the initial state x and the strategy pair (γ, δ),
we will denote by Eγ,δ
x [·] the expectation with respect to
the process law of the game trajectory {(Xt , U1,t , U2,t )}∞
t=1
generated by the above protocol.
A basic result in the theory of stochastic games is that,
for every initial state x, the game has a value given by
" T
#
1 γ,δ X
c(Xt , U1,t , U2,t ) .
V∞ (x) = inf sup lim sup Ex
γ
T →∞ T
δ
t=1
This corresponds to an infinite-horizon stochastic game with
optimal stationary strategies for both players [4], [5]. On the
other hand, we can fix a time horizon T , and consider the
corresponding value
" T
#
1 γ,δ X
VT (x) = inf sup Ex
c(Xt , U1,t , U2,t ) . (1)
γ
δ T
t=1
In this case, instead, the optimal strategies of both players
are non-stationary. Our goal is to explore whether there exist
simple regret-minimization strategies for the two players,
such that, if both players honestly follow stationary policies
derived from the prescribed strategies, their average payoffs
will approach the average minimax payoff at a fast rate.
III. A N AUXILIARY STATIC GAME AND ITS VALUE
Our eventual goal is to prove that the minimax value
VT (x) of the dynamic game described in Section II can
be tightly bounded from above by the minimax value of a
certain static game, and that there exist stationary strategies
for both players that can achieve this bound. We begin by
describing this auxiliary static (one-shot) game, which we
henceforth denote by G1.
We will denote the move spaces of Players 1 and 2 by S
and T , respectively, where S is the state-action polytope
n
X
S , µ ∈ P(X × U1 ) :
K(y|x, u1 )µ(x, u1 )
x,u1

=

X

o
µ(y, u1 ), ∀y ∈ X ,

(2)

u1

associated to the Markov kernel K [18], while T is the
probability simplex P(U2 ). Every element in S can be
decomposed in the form
µ(x, u1 ) = πP (x) ⊗ P (u1 |x),

x ∈ X, u1 ∈ U1

for some randomized Markov policy P ∈ M(U1 |X), where
πP is the invariant distribution of the Markov kernel
X
KP (x0 |x) ,
K(x0 |x, u1 )P (u1 |x).
u1 ∈U1

Conversely, any element µ ∈ S induces a Markov policy
Pµ (u1 |x) , P

µ(x, u1 )
.
v∈U1 µ(x, v)

(3)

Moreover, S is a closed convex subset of P(X × U1 ), whose
extreme points are deterministic Markov policies. It plays a
prominent role in the so-called convex-analytic approach to
MDPs [19]. Specifically, consider an infinite-horizon MDP
with state space X, action space U1 , and one-step cost f : X×
U1 → R. Then it can be shown that, under mild ergodicity
conditions [19]–[21], the optimal long-term average cost
" T
#
1 P X
f
f (Xt , Ut )
v∞ (x) ,
inf
lim sup Ex
P ∈M(U1 |X) T →∞ T
t=1
subject to µ ∈ S

µ

(4)

regardless of the initial condition X1 = x. Thus, any
µ∗ ∈ S that attains the optimum in (4) induces an optimal
deterministic policy P ∗ = Pµ∗ via (3).
We now return to our static game G1 with the payoff
G(µ, ν) , hµ ⊗ ν, ci,

∀µ ∈ S, ν ∈ T .

Since both S and T are compact convex subsets of finitedimensional vector spaces, and the payoff G(µ, ν) is affine
in both µ and ν, the game G1 has a minimax value
G∗ = inf sup hµ ⊗ ν, ci = sup inf hµ ⊗ ν, ci.
µ∈S ν∈T

ν∈T µ∈S

In view of our discussion of the convex-analytic approach to
MDPs, we can interpret this minimax value as follows. For
each ν ∈ T , consider an MDP with state space X, action
space U1 , and one-step cost
X
fν (x, u1 ) , hν, c(x, u1 , ·)i ≡
ν(u2 )c(x, u1 , u2 ).
u2 ∈U2
fν
(x) for any initial
≡ v∞
Then inf µ∈S hµ ⊗ ν, ci =
ν
state X1 = x, and therefore G = supν∈T v∞
(x).
ν
(x)
v∞
∗

A. Approaching G∗ using regret minimization
We now show that Player 1 and Player 2 can approach the
minimax value G∗ in repeated play of G1, where we do not
require the players to know the overall payoff structure of
the game, i.e., the cost function c. The repeated game takes
place as follows. At each time step t ∈ {1, . . . , T }, Player 1
selects an occupation measure µt ∈ S, while Player 2 selects
a mixed strategy νt ∈ T . The pair (µt , νt ) determines the
functions ft : X × U1 → [0, 1] and gt : U2 → [0, 1] via
X
ft (x, u1 ) ,
νt (u2 )c(x, u1 , u2 ),
u2 ∈U2

gt (u2 ) ,

X X

hµt , ft i = hνt , gt i = hµt ⊗ νt , ci = G(µt , νt ),

T
T
X
X
hµt , ft i − inf
hµ, ft i ≤ R1 (f1:T )
t=1

Player 1 then observes ft and incurs the cost hµt , ft i, while
Player 2 observes gt and incurs the cost −hνt , gt i. Under
this observation structure, Player 1 may know ft , but not the

µ∈S

(−hνt , gt i) − inf

t=1

t=1
T
X

ν∈T

(−hν, gt i) ≤ R2 (g1:T ).

(6)

(7)

t=1

The term “regret” is motivated by the observation that the
quantities on the left-hand sides of Eqs. (6) and (7) are the
differences between the cumulative cost incurred by each
player during game play and the cumulative cost of the
best stationary strategy in hindsight. Here, we assume, for
instance, that Player 1 produces a sequence µ1 , . . . , µT ∈ S
in response to the observed expected payoffs f1 , . . . , fT , and
his regret is upper-bounded by R1 (f1 , . . . , fT ) given Player
2’s choice of actions. Similarly, Player 2 produces a sequence
ν1 , . . . , νT ∈ T in response to the observed expected payoffs
g1 , . . . , gT , and his regret is denoted by R2 (g1 , . . . , gT )
given Player 1’s actions. Note that there is no Markov chain
involved, and the strategies of both players depend only on
the previous moves of their opponents. This online linear
optimization problem refers to the online learning (steadystate) component of the game. Since this is a standard online
learning problem, we know that there exist numerous regret
minimization strategies for both players such that R1 and R2
are sublinear in the time horizon T [3].
We denote the averages P
of the sequences of P
the two
T
T
players’ actions by µ̄T = T1 t=1 µt and ν̄T = T1 t=1 νt .
Since the sets S and T are convex, µ̄T ∈ S and ν̄T ∈ T .
The following proposition will be exploited in the proofs of
the next section:
Proposition 1. Suppose both players adopt arbitrary regret
minimization strategies in repeated play of G1. Let {µt }Tt=1
and {νt }Tt=1 denote the sequences of the players’ choices,
and let {ft }Tt=1 and {gt }Tt=1 denote the resulting sequences
of observed payoff functions. Then
sup G(µ̄T , ν) − G∗ ≤
ν∈T

R1 (f1:T ) + R2 (g1:T )
.
T

(8)

Proof. Adding up the regrets of the two players and using
Eq. (5), we have

µt (x, u1 )c(x, u1 , u2 ).

x∈X u1 ∈U1

(5)

which means that both players have enough knowledge to
compute their one-step costs.
Once the problem is reduced to an online linear optimization, we let both players adopt regret minimization strategies,
and look at their online learning regrets:

T
X

is equal to the value of the static optimization problem
minhµ, f i

mixed strategy νt of Player 2, the overall cost structure c, or
the size of U2 ; similarly, even though Player 2 knows gt , he
may not know µt , c, or the size of U1 . However, from the
definitions of ft and gt , it follows that

sup
ν∈T

T
T
1X
1X
hµt ⊗ ν, ci − inf
hµ ⊗ νt , ci
µ∈S T
T t=1
t=1

≤

R1 (f1:T ) + R2 (g1:T )
.
T

(9)

Using Eq. (5) and linearity, we have
sup
ν∈T

T
1X
hµt ⊗ ν, ci = sup G(µ̄T , ν)
T t=1
ν∈T

and
inf

µ∈S

T
1X
hµ ⊗ νt , ci = inf G(µ, ν̄T )
µ∈S
T t=1

≤ sup inf G(µ, ν)
ν∈T µ∈S

= inf sup G(µ, ν),
µ∈S ν∈T

where the last step is by the von Neumann minimax theorem.
Using these facts in (9), we get (8).
B. Incorporating prediction models
When both players use regret minimization algorithms
to approach G∗ , one can get performance guarantees (i.e.,
upper bounds on R1 and R2 ) that are uniform in all possible
sequences {ft } and {gt }, including the worst-case scenario.
However, these regret bounds are often conservative. More
optimistic results are desirable when both players have some
side information about each other’s strategies. For example,
if they know their opponent’s choices exhibit some form
of “regularity,” they may incorporate this information into
their decision loops. This idea of regret minimization with
predictable sequences was introduced recently by Rakhlin
and Sridharan [17], [22], who have shown that prediction
models can be used by two players in a finite zero-sum matrix
game to converge to the minimax equilibrium at fast rates.
In this section, we follow the lead of [17] and introduce
prediction models of the players’ strategies. Formally, we
assume that, at each time t, Player 1 and Player 2 construct
history-dependent estimates of each other’s next move by
fbt = Mt (f1 , . . . , ft−1 ) and gbt = Nt (g1 , . . . , gt−1 ). Thus, fbt
is Player 1’s estimate (or prediction) of ft based on the past
revealed realizations f1 , . . . , ft−1 , and similar considerations
apply to Player 2. We refer to {Mt }Tt=1 and {Nt }Tt=1 as the
prediction models of Player 1 and Player 2, respectively.
At each time t, Player 1 selects
(*
+
)
t−1
1 X
1 b
µt = arg min
µ, 1
fs + 1 ft + Φ(µ) , (10)
η s=1
η
µ∈S
where η 1 > 0 is a tunable learning rate of Player 1,
and where Φ(µ) is the relative entropy regularization term
D(µkµ◦ ). Here, µ◦ ∈ P(X × U1 ) is the uniform measure
over all state-action pairs: ν ◦ (·, ·) = 1/|X × U1 |. Similarly,
at time t, Player 2 selects
(*
+
)
t−1
1 X
1
νt = arg min
ν, 2
gs + 2 gbt + Ψ(ν) , (11)
η s=1
η
ν∈T
where η 2 > 0 is Player 2’s learning rate, and where Ψ(ν) is
the relative entropy regularization term D(νkν ◦ ) with ν ◦ ∈
T denoting the uniform measure over the action space U2 .
We can now state the regret bound for the above algorithms (proofs are omitted due to space limitations):

Theorem 1. For the repeated play of G1, the proposed
algorithm (10) for Player 1 attains the regret
R1 (f1:T ) ≤

T
X
1
kft − fbt k2∞ + η 1 log |X × U1 |.
1
η
t=1

(12)

Similarly, the algorithm (11) for Player 2 attains the regret
R2 (g1:T ) ≤

T
X
1
kgt − gbt k2∞ + η 2 log |U2 |
2
η
t=1

(13)

If we cannot assume the two players follow the algorithms
honestly, each player can set his learning rate conservatively.
In particular, since kft k∞ ≤ 1 for all t, we can assume
without loss of generality that kfbt k∞ ≤ 1 as well. This
assumption gives the usual worst-case regret bound
R1 (f1:T ) ≤

4T
+ η 1 log |X1 × U|,
η1

which can bepoptimized w.r.t. the learning rate η 1 to yield
the usual O( T log |X1 × U|) regret bound. However, if the
players are honest and do cooperate, the learning rates η 1
and η 2 can be tuned adaptively using prior knowledge. For
instance,
if Player 1 has prior knowledge about the term
PT
kf
− fbt k∞ , he can optimize R1 by choosing η 1 =
t
t=1
r
PT kft −fbt k2∞
t=1 log |X×U1 | . This leads to the regret bound
v
u
T
u
X
1
kft − fbt k2∞ .
R (f1:T ) ≤ 2tlog |X × U1 |
t=1

For example, if Player 1’s prediction of ft is simply the
previously revealed ft−1 , i.e., fbt = Mt (f1 , . . . , ft−1 ) =
ft−1 , then the bound becomes
v
u
T
u
X
1
R (f1:T ) ≤ 2tlog |X × U1 |
kft − ft−1 k2∞ ,
t=1

which is known in the literature as a path-length bound
[23], [24]. In situations where Player 2 gradually changes
his moves, i.e., when the previous move of Player 2 is a
good proxy for his next move, such
√ bounds can be tighter
than the worst-case pessimistic O( T ) bound.
If both players adopt the algorithms of Eqs. (10) and (11),
then R1 and R2 diminish as the prediction models become
more accurate. As we show in the next section, smaller R1
and R2 make the average payoffs of the players converge
faster to the minimax payoff in dynamic stochastic games.
IV. R EGRET MINIMIZATION IN STOCHASTIC GAMES
In the preceding section, we have analyzed a certain
static (one-shot) game G1 and showed that the two players
can approach its minimax payoff using regret-minimization
algorithms in repeated play of G1. This naturally leads to
the following question: How can we relate the static game
G1 to the original dynamic game that has multiple rounds?
In this section, we will answer this question by relating the
minimax value G∗ to VT and the quantity supν∈T G(µ̄T , ν)

to the actual realized payoff of the dynamic game. We will
then propose certain stationary strategies for the two players
in a single-controller zero-sum stochastic games and quantify
the gap between the resulting expected payoff and VT .
A. Stationary strategies for finite-horizon stochastic games
We first relate the static game G1 to the dynamic game
with the value given by Eq. (1):
Lemma 1. Suppose both players adopt regret minimization
strategies in repeated play of G1. Let {µt }Tt=1 and {ft }Tt=1
be the resulting sequences of the players’ choices. If Player 1
uses the average occupation measure µ̄T in G1, then, regardless of Player 2’s choice, Player 1’s payoff approaches the
minimax payoff of the T -step finite-horizon stochastic game
starting at any initial state x. Specifically, let R1 (f1:T ) and
R2 (g1:T ) be the online learning regrets of the corresponding
regret minimization algorithms used in repeated play of G1.
Then, there exists some constant C, such that
sup G(µ̄T , ν) ≤ VT (x) +
ν∈T

R1 (f1:T ) + R2 (g1:T )
C
+
.
T
T

Proof. Let ∆iid denote the subset of behavioral strategies
of Player 2, where the actions U2,t are drawn i.i.d. from
some fixed distribution in T , regardless of the state and
of Player 1’s actions. Thus, there is an obvious one-to-one
correspondence between ∆iid and T , so we will use the
notation Eγ,ν
x [·] for δ ∈ ∆iid induced by ν ∈ T . Then
" T
#
1 γ,δ X
VT (x) = inf sup Ex
c(Xt , U1,t , U2,t )
γ
δ T
t=1
" T
#
1 γ,δ X
E
c(Xt , U1,t , U2,t )
≥ inf sup
γ δ∈∆
T x
iid
t=1
#
" T
1 γ,ν X
= inf sup Ex
fν (Xt , U1,t )
γ ν∈T T
t=1
" T
#
1 γ,ν X
≥ sup inf Ex
fν (Xt , U1,t ) ,
ν∈T γ T
t=1
where
fν (x, u1 ) ,

X

ν(u2 )c(x, u1 , u2 ).

u2 ∈U2

For a fixed choice of ν ∈ T , Player 1 faces a T -step MDP
with one-step state-action cost fν . Let us denote the optimal
payoff of that MDP starting
hP from initial state
i x ∈ X by
T
vTν (x) = inf γ (1/T )Eγ,ν
f
(X
,
U
)
and denote
t
1,t
x
t=1 ν
ν
v∞
(x) , limT →∞ vTν (x). When ν is a Dirac measure
u2
centered at some u2 ∈ U2 , we will write vTu2 and v∞
instead.
ν
ν
By [2, Prop. 5.21], T kvT − v∞ k∞ is uniformly bounded:
for each ν ∈ T , there exists a constant C(ν), such that

C(ν)
.
T
ν
Since the functional ν 7→ kvTν − v∞
k∞ is convex, we have
ν
kvTν − v∞
k∞ ≤

ν
u2
sup kvTν − v∞
k∞ = max kvTu2 − v∞
k∞ ≤

ν∈T

u2 ∈U2

C
,
T

where C , maxu2 ∈U2 C(u2 ) is some finite constant. Moreover, from the convex-analytic approach to MDP’s [25], we
ν
know that v∞
(x) = inf µ∈S hµ, fν i = inf µ∈S hµ ⊗ ν, ci.
Consequently,
" T
#
1 γ,ν X
VT (x) ≥ sup inf Ex
fν (Xt , U1,t )
ν∈T γ T
t=1
= sup vTν (x)
ν∈T


C
≥ sup inf hµ ⊗ ν, ci −
µ∈S
T
ν∈T
C
= inf sup hµ ⊗ ν, ci − ,
µ∈S ν∈T
T
where the last step is by the von Neumann minimax theorem.
Combining this with (8), we complete the proof.
Next we relate the quantity supν∈T hµ̄T ⊗ ν, ci to the
payoff of several different dynamic games. We start with
the repeated play of G1. Recall that Player 1 uses a regretminimization algorithm to produce a sequence of T occupation measures on the space of state-action pairs X × U1 ,
and computes the average of these measures µ̄T . Player 2
also adopts a regret minimization algorithm to generate a
sequence of {νt }Tt=1 and computes the average ν̄T . Now
the two players can use these objects to construct their
Markov randomized stationary strategies γ = (γ, γ, . . .) and
δ = (δ, δ, . . .), where
γ(x) = Pµ̄T (·|x)

and

δ(x) = ν̄T .

(14)

Here, Pµ̄T is the Markov policy induced by the occupation
measure µ̄T . Note, by the way, that Player 2’s strategy
ignores the state variable. Now, we consider a T -round
stochastic game, throughout which Player 1 uses the stationary strategy γ and Player 2 uses δ.
We impose the following uniform mixing condition [8],
[9], [14]: There exists a finite constant τ > 0 such that for
all P ∈ M(U1 |X) and µ1 , µ2 ∈ P(X),
kµ1 KP − µ2 KP k1 ≤ e−1/τ kµ1 − µ2 k1 .

(15)

In other words, the collection of all state transition laws
induced by all Markov policies P of Player 1 is uniformly
mixing. Here we assume, without loss of generality, that
τ ≥ 1. This uniform mixing property guarantees that every
Markov policy P has a unique invariant state distribution
πP ∈ P(X), i.e., πP = πP K(·|P ).
Theorem 2. Assume the uniform mixing condition is satisfied
by the controlled transition kernel K. When both players
follow stationary strategies γ and δ derived according to
(14) from their regret minimization strategies in G1, we have
" T
#
1 γ,δ X
E
c(Xt , U1,t , U2,t ) − VT (x)
T x
t=1
R1 (f1:T ) + R2 (g1:T ) C + 2(τ + 1)
+
.
T
T
Proof. Let πt be the marginal state distribution at time t,
and let π̄ denote the (unique) invariant distribution of the
≤

Markov policy Pµ̄T . Then µ̄T = π̄ ⊗ Pµ̄T . Denoting by µ̃t
the state-action distribution πt ⊗ Pµ̄T , we have
" T
#
T
1X
1 γ,δ X
Ex
c(Xt , U1,t , U2,t ) =
hµ̃t ⊗ ν̄T , ci
T
T t=1
t=1
≤

T
T
1X
1X
hµ̄T ⊗ ν̄T , ci +
kπt − π̄k1
T t=1
T t=1

≤ hµ̄T ⊗ ν̄T , ci +

T
1 X −t/τ
2e
T t=1

2(τ + 1)
T
ν∈T
1
R (f1:T ) + R2 (g1:T ) + C + 2(τ + 1)
≤ VT (x) +
,
T
where the second inequality is by the uniform mixing condition, and the last inequality by Lemma 1.
≤ sup hµ̄T ⊗ ν, ci +

This result quantifies the sub-optimality of the stationary
policies δ and γ for the T -round stochastic game. When
the two players use these near-optimal stationary strategies,
the gap between the actual payoff and the average minimax
payoff VT (x) decays to zero as T → ∞. In fact, the policy
δ is near-minimax for Player 1:
Corollary 1. Under the same assumptions as in Theorem 2,
" T
#
1 γ,δ X
E
c(Xt , U1,t , U2,t )
T x
t=1
" T
#
1 γ,δ X
c(Xt , U1,t , U2,t )
− sup Ex
δ T
t=1
≤

R1 (f1:T ) + R2 (g1:T ) C + 2(τ + 1)
+
.
T
T
V. C ONCLUSION

In this paper, we designed simple and efficient strategies
for two-player single-controller zero-sum stochastic games
and quantified the gap between their expected payoff and
the dynamic equilibrium value of the game. In particular, we
developed stationary policies based on regret minimization
strategies and quantified their rate of convergence to the
minimax value of an auxiliary static game. This suggests that
we can achieve sublinear convergence to the minimax payoff
of the dynamic game if the associated regret minimization
strategies exhibit sublinear regret. Finally, we investigated the
case where both players of the game exploit side information
regarding the strategies of their opponents and devised appropriate algorithms that achieve more optimistic convergence
rates to the minimax payoff.
The main limitation of our results is that we restrict Player
2 to open-loop strategies, whereas even in the case when
only Player 1 controls the state transitions, both players
observe the state of the game and can use it to guide their
actions. Imposing this restriction on Player 2 has allowed
us to introduce an auxiliary static game, which was used
to design the strategies for the two players in the original

dynamic game. Removing this limitation is a major direction
for future research.
R EFERENCES
[1] L. S. Shapley, “Stochastic games,” Proceedings of the National
Academy of Sciences, vol. 39, pp. 1095–1100, 1953.
[2] S. Sorin, A first course on zero-sum repeated games. Springer, 2002.
[3] N. Cesa-Bianchi and G. Lugosi, Prediction, Learning and Games.
Cambridge Univ. Press, 2006.
[4] J. F. Mertens and A. Neyman, “Stochastic games,” International
Journal of Game Theory, vol. 10, pp. 53–66, 1981.
[5] T. Parthasarathy and T. Raghavan, “An order field property for
stochastic games when one player controls transition probabilities,”
J. Opt. Theory. Appl, pp. 375–392, 1981.
[6] O. J. Vrieze, “Linear programming and undercounted stochastic game
in which one player controls transition,” OR Spektrum, no. 3, pp. 15–
24, 1981.
[7] H. McMahan, “Planning in the presence of cost functions controlled
by an adversary,” The 20th International Conference on Machine
Learning, pp. 536–543, 2003.
[8] E. Even-Dar, S. M. Kakade, and Y. Mansour, “Online Markov decision
processes,” Math. Oper. Res., vol. 34, no. 3, pp. 726–736, 2009.
[9] J. Y. Yu, S. Mannor, and N. Shimkin, “Markov decision processes
with arbitrary reward processes,” Math. Oper. Res., vol. 34, no. 3, pp.
737–757, 2009.
[10] G. Neu, A. György, C. Szepesvári, and A. Antos, “Online Markov
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