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Abstract—We propose a scheme for rate-constrained distributed
nonparametric regression using a wireless sensor network. The
scheme is universal across a wide range of sensor noise models,
including unbounded and nonadditive noise; it has low complexity,
requiring simple operations such as uniform scalar quantization
with dither and message passing between neighboring nodes in the
network, and attains minimax optimality for regression functions
in common smoothness classes. We present theoretical results
on the tradeoff between the compression rate, communication
complexity of encoding, and the MSE and demonstrate empirical
performance of the scheme using simulations.
Index Terms—Conditional rate-distortion theory, distributed
estimation, distributed sequential entropy coding, dithered scalar
quantization, low-complexity schemes, minimax-optimal estimators, nonparametric regression, sensor networks, universal
orthogonal series estimators.

I. INTRODUCTION

I

N many practical applications of wireless sensor networks,
very little prior knowledge is available about the phenomenon being sensed. Consider, for example, the following
environmental monitoring scenario. A large number of sensors
are deployed over a geographical region of interest, where
they measure the concentration of a pollutant in the air. They
then transmit their measurements via a wireless channel to a
fusion center (FC) whose task is to produce an accurate image
of air pollution in the region. The relationship between the
position and the measurement of each sensor is probabilistic
due to ambient noise, inaccuracies in measurement acquisition
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and signal transduction, etc. For instance, it might be of the
standard “signal-plus-noise” form, where the signal (i.e., the
concentration) is an unknown deterministic function of position. Thus, the basic inferential task of the FC is to learn the
relationship between the sensor positions and their measurements, a problem well known in statistics under the heading of
regression.
We seek the minimum-mean-square-error (MMSE) estimator of the measurement of a sensor from its location, which
is given by the regression function, i.e., the conditional mean
of the measurement given location. The regression function
depends on the joint probability distribution of locations and
measurements, which is either unknown or known imprecisely.
The only information the FC has about it is contained in the
data it has received from the network, and we expect that, as
the number of sensors increases, the function estimated by the
FC converges to the regression function in the mean-square
sense. Moreover, for greater flexibility in modeling complex
phenomena it is preferable to take the nonparametric approach
[1], [2]—instead of assuming that the regression function is
described by a vector of parameters (which is the case for linear
functions or for polynomials of fixed degree), we suppose that
it lies in some sufficiently broad infinite-dimensional space
(e.g., monotone, -times differentiable, Lipschitz, etc.).
Wireless sensor networks typically operate under tight energy
constraints. The majority of all energy-intensive operations are
involved in transmitting the data from the network to the FC
and in any preliminary exchange of information among the sensors. In fact, energy expenditures for communicating a single
bit over a wireless medium are orders of magnitude above the
expenditures for carrying out an elementary computational step
[3]. One way to conserve communication resources is to reduce the amount of communication from the network to the FC,
while ensuring that the latter can still do a good job at inference. For instance, each sensor can quantize its measurement, so
what the FC receives is a compressed “summary” of the network
state. This decentralized, or distributed, setup is quite different
from the traditional, centralized, scenario, where the FC has full
observation of the sensor measurements without any compression. Additional energy savings can be gained by reducing the
communication complexity of the network-side preprocessing.
These energy considerations ultimately translate into a tradeoff
between the compression rate and the achievable MSE.
In this paper, we propose, analyze and evaluate a scheme for
rate-constrained distributed nonparametric regression using a
wireless sensor network with randomly deployed sensors. The
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scheme consists of three successive stages, namely 1) quantization and encoding of sensor observations at the network side,
2) decoding of sensor observations by the FC, and 3) estimation of the regression function, and has the following attractive
characteristics:
• universality: only very generic assumptions are made
about the underlying joint distribution of the physical
location of a sensor and its measurement;
• low complexity: the compression involves standard operations, such as uniform scalar quantization commonly used
in A/D converters, as well as simple message passing between neighboring sensors;
• minimax optimality: the estimation procedure achieves
minimax rates of convergence for certain broad classes of
regression functions.
We give information-theoretic bounds on the average number of
bits transmitted to the FC and bound the communication complexity of the network-side preprocessing and the rate at which
the estimate of the regression function converges to the true one
as the number of sensors increases.
The paper is organized as follows. Related work is surveyed
in the remainder of this section. The problem is formulated in
Section II. Section III offers a rough outline of the proposed
scheme. Next, we describe and analyze the compression part of
the scheme in Section IV and the estimation part in Section V.
Section VI discusses minimax optimality. Experimental results
are presented in Section VII. Section VIII summarizes the contributions of the paper. Appendix A contains a short summary
of conditional rate-distortion theory. Proofs of all lemmas and
theorems are relegated to Appendix B.

in the use of randomization and series estimation, except that we
allow some communication among the sensors and impose no
hard constraints on the number of bits transmitted by a sensor to
the FC. However, our method is truly universal, requiring minimal knowledge of the joint distribution of sensor measurements
and positions, while [9] assumes that a) the sensors are dispersed
throughout the observation domain uniformly at random and b)
the measurements are of the “signal-plus-noise” form, where
both the signal and the noise have bounded dynamic ranges
known to the FC. By contrast, our algorithm can handle nonuniformly deployed sensors, as well as unbounded and nonadditive
noise.
An alternative approach to rate-constrained estimation in
sensor networks uses ideas from distributed source coding
[10]–[13]. There, the data collected by the network is interpreted as a noisy realization of a random field (e.g., Gaussian)
with known statistics. The tradeoff between the compression
rate and the MSE is analyzed using rate-distortion theory.
Because the underlying statistical models are assumed to have
known parametric form, efficient distributed compression
schemes can exploit correlations between the measurements at
neighboring sensors. By contrast, we are interested in situations
where very little is known a priori about the phenomenon being
sensed. For this reason, we adopt the nonparametric approach,
which precludes the use of distributed source codes tailored to
prespecified parametric sources. Alternatively, in keeping with
the philosophy that nonparametric estimation is often merely
the first step in data analysis [1], our nonparametric scheme
can be used as a training step followed by model refinement
and approximation by a simpler, parametric model that admits
efficient distributed source codes.

A. Related Work
The idea to cast distributed inference tasks for sensor networks (such as regression, set estimation, object tracking, or
self-localization) in the framework of learning from random
samples was proposed by Simić [4]. The approach of [4] centered around a distributed implementation of a popular algorithm for nonparametric regression based on reproducing-kernel
Hilbert spaces [5], but (apart from considerations of locality)
the issue of communication rate constraints was not taken into
account. More recently, Predd et al. [6] introduced statistically
consistent schemes for rate-constrained regression in networks
of noncooperating sensors. However, whereas in this paper we
are concerned with estimating the entire regression function, the
results of [6] are for the pointwise MSE criterion. That is, the
FC wishes to estimate the regression function at a given point
and can broadcast the coordinates of that point to all the sensors. Each sensor then uses a local rule mapping its own observation and the point of interest into a short binary message;
the FC aggregates the received messages to form the final estimate. (Similar strategies have also been used in the setting of
rate-constrained decentralized estimation of a single deterministic parameter, see, e.g., [7] and [8] and references therein.)
Wang and Ishwar [9] proposed a scheme for distributed estimation of spatial fields using networks of randomly deployed,
noisy sensors under the constraint that each sensor can send only
1 bit to the FC. Just as in [6], there is no cooperation among the
sensors. Our approach is very similar to that of [9], particularly

II. PROBLEM FORMULATION
A. Sensor Data Model
We make the following assumptions.
1) The network consists of sensors deployed at random over
a compact domain
(where is 1, 2, or 3) according
, which is known at
to a fixed probability distribution
is absolutely continuous with a continuous
the FC.
.
density
2) Sensor measurements range over some
. For each
, the conditional distribution
of the measurement of a sensor given its location is absolutely con.
is pretinuous with a continuous density
sumed unknown.
3) Conditioned on , is a sub-Gaussian random variable:
, such that
there exist constants
(1)
holds for all
. The constants
are not assumed known to the sensors or to the FC. Examples
of sub-Gaussian random variables include Gaussian or
uniform.
is square4) The regression function
, i.e.,
.
integrable w.r.t.
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5) Let
denote the joint distribution of the location
and the measurement of a sensor. Let
and
denote, respectively, the -tuples of sensor locations and their measurements Then
are independent and identically
. That is,
and
distributed (i.i.d.) samples from
have a joint density

6) The -tuple is known at the FC, and each sensor knows
its own location. Self-localization in wireless sensor networks is an active area of research (see, e.g., [14]–[16] and
references therein). For example, the sensors can self-localize with the help of so-called beacon nodes that are
aware of their own position, as well as of their distance
from other nodes in the network.
7) The network and the FC have common access to an -tuple
of i.i.d. random variables taking values in
is known only to the th
some set . Initially, each
sensor and to the FC. The ’s will be referred to as the
dither signals. One way to generate dither signals is to
use pseudorandom number generators. If each sensor can
implement a pseudorandom number generator that proby applying the iterates
,
duces samples of
, to a fixed seed , then for
, both
the FC and the th sensor simply compute
.
As an example, Assumptions 1)–4) hold for the usual “signal, where
plus-noise” model
is a bounded deterministic function and is a zero-mean subGaussian random variable with density
independent of .
and
.
Then
B. Communication Setup
We assume the following about the communication setup.
1) Each sensor is equipped with a transceiver and can send
analog messages to other sensors, but only binary messages to the FC. This assumption is reasonable in situations when the minimum distance between any sensor and
the FC is much larger than the distance between any pair
of sensors. In such cases, the effective SNR for intersensor
communication is much higher than that for sensor-to-FC
communication, so communication within the network is
not as energy-intensive as between the network and the
FC [17]. Therefore, it is feasible to have energy-efficient
short-range analog communication between neighboring
sensors, but, because the energy costs for communicating
data to the FC over a long distance are much more severe,
all data transmitted to the FC will have to be aggressively
compressed.
2) After deployment, a routing path is established in the network. The routing path is induced by a linear ordering of
the sensors, such that the sensor that occupies the th position in the path can exchange messages with sensors in
and
(sensors in positions 1 and can
positions
only communicate with sensors in positions 2 and
respectively). In large networks with randomly deployed
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sensors, such paths exist with very high probability and can
be discovered using greedy techniques (see, e.g., [18]). Let
denote the locations of the sensors arranged according to their position in the routing path, and
denote the corresponding measurements.
let
This linear ordering need not coincide with the order in
which the sensors were deployed. However, for simplicity
we shall assume that the choice of the routing path corresponds to a random permutation of the sensors. Since
the joint distribution of and is invariant w.r.t. such a
are also i.i.d. according to
permutation,
(conditioned on the permutation). Thus, we will asfor all
.
sume that
To keep track of the energy costs in operating the network, we
will use two different measures, depending on whether we are
talking about in-network or out-of-network communication: the
former will be measured by the total number of scalar analog
messages exchanged by the sensors, while the latter will be measured by the total number of bits transmitted by the sensors to
the FC. Both of these metrics are commonly used in the literature (see, e.g., [7], [19], and references therein).
C. Rate-Constrained Distributed Nonparametric Regression
The regression function
is the MMSE estimator
of the measurement of a sensor placed at
. The
task of the FC is to estimate (or to learn) from the locaand the compressed version of the measurements
tions
. Formally, we define a scheme for rate-constrained distributed nonparametric regression as follows. For each
, let
be a set of functions from
into
. Then we have a sequence
, where,
is the enfor each ,
is the decoder, and
coder,
is the estimator.
is the space of
all finite-length binary sequences. The encoding is done on the
network side, while the decoding and the estimation are done
consists of all possible candidates
by the FC. For each ,
for the estimate of , and the dependence on allows us to
adjust the complexity of the estimate relative to the network
size. The three quantities of interest to us are as follows.
1) The average number of bits transmitted to the FC:
length
2) The average communication complexity of the encoder,
i.e., the average number of messages per sensor exchanged
among the sensors during encoding:

where
denotes the number of analog messages transmitted by sensor to other sensors.
3) The MSE of the estimator:
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(here we abuse the notation slightly and denote by
the
function computed by the estimator).
For all three of these, the expectation is with respect to the sensor
locations and measurements , and the dither .
D. Extension to Multiple Time Steps
In stating these performance metrics, we have ignored the
cost of initializing the network (which consists of sensor localization and establishment of the routing path). The reason
for doing this is that our setup naturally extends to the situation when the sensors take measurements at discrete times
, where the conditional distribution of a sensor measurement given the location varies with time. In this case the
. To
one-time initialization cost becomes negligible as
formulate this extension, let
be the conditional probability distribution of a sensor measurement at time given
the location, and let
denote the corresponding condi. We make the following additional
tional density given
assumptions.
1) The sensor locations do not change with time.
2) Let
be the -tuple of sensor measurements at time . Then, for any two distinct and , the
and
are conditionally inderandom variables
pendent given .
3) At each , a new -tuple
of dither
, and
, is
signals, independent of ,
available simultaneously at the network and at the FC.
and
That is, for a given , the joint distribution of
is described by the density

and the average communication complexity of the encoder.
Owing to the assumed conditional independence, the perforcan be calculated by adding the
mance metrics for
corresponding numbers for each and averaging. However,
, we
because all the key ideas are already present when
focus on this case in the remainder of the paper.
III. OUTLINE OF THE PROPOSED APPROACH AND
SUMMARY OF RESULTS
, known both to the
Our scheme is parametrized by
network and to the FC. Higher values of will correspond to
lower communication rates. The dither
is an i.i.d.
sequence drawn from the uniform distribution on the interval
independently of
and . The main idea
is as follows: Encoding consists of randomized uniform scalar
quantization of the sensor measurements, where the dither is
used for randomization, followed by sequential universal entropy coding of the quantizer indices. Sequential entropy coding
has low communication complexity, measured by the number of
messages exchanged among the sensors. Each sensor then transmits a variable-length binary encoding of its quantizer index.
This is, essentially, a distributed implementation of the universal
quantization scheme due to Ziv [20], with refinements by Zamir
and Feder [21]. Once the FC decodes the quantizer indices, it
estimates the regression function using a universal orthogonal
series estimator [1], [2]. The overall architecture of the scheme
is shown in Fig. 1.
We summarize here the main results to be proved in the following sections:
1) the average number of bits transmitted to the FC is

2) the communication complexity of the encoding is
Under these assumptions, the MMSE estimator of the meaof a sensor placed at
surement sequence
is given by the vector-valued function
. We can convert a one-time regression scheme
into a multi-time scheme
by letting
,
, and
. The reason why the same encoder, decoder and estimator are used at all is that the conditional distribution
may vary with in an arbitrary manner. Now let
be the
.
regression function at time , i.e.,
The performance of the scheme is measured by the average
number of bits transmitted by the network

the average MSE

3) the MSE of the regression function estimator is

Here, , , and
are constants that depend only on the subGaussianity parameters , of the conditional distribution of
given [cf. (1)];
and
are decreasing sequences of
and
nonnegative reals that both converge to zero as
depend only on the joint distribution
; and
is an
increasing sequence of positive integers that is chosen by the FC
in such a way that
as
.
depending on
appearing in the bound on
is the
The quantity
conditional rate-distortion function (CRDF) of given . It
gives the minimum amount of information (in bits) that must
be provided about in order to be able to reconstruct it with
an MSE of , provided both the encoder and the decoder have
access to
as side information (see Appendix A for details).
For example, when the sensor data model has the form of a
, where
signal in Gaussian noise, i.e.,
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Fig. 1. Overall architecture of our scheme for rate-constrained distributed regression using a wireless sensor network.

is independent of , the CRDF depends only
and has the form
on the noise variance

, where
is some smoothness constant. Thus,
we arrive at the following relation for the tradeoff between
MSE and communication costs:

.
In general, this information-theoretic limit can be achieved only
asymptotically, provided the encoder can simultaneously en, the decode a large number of i.i.d. samples
, and the joint
coder has access to the side information
and is known to both the encoder and the
distribution of
decoder. In our case, neither the encoder (i.e., the entire net. However,
work) nor the decoder (i.e., the FC) know
the universal strategy of Ziv [20], [21] can be used to achieve
the CRDF with an additional penalty of at most 0.754 bits per
sample. This penalty is the price that must be paid for using
simple scalar quantizers; of course, much more elaborate universal codes based on vector quantizers can be used to eliminate this penalty, but at the cost of vastly increased encoder
complexity.
, which corresponds
It is worth noting that, in limit
to high quantizer resolution, the MSE can be bounded as
, which is also the MSE achievable by
the same orthogonal series estimator in the centralized setting.
Hence, quantization of sensor measurements has no effect on
the rate at which the MSE converges to zero as the number
of sensors tends to infinity. Under certain assumptions on
the functional class containing the regression function and
, the MSE of the orthogonal series
with proper choice of
estimator in the centralized setting can be shown to converge to
. Since the rate of converzero at the minimax rate as
gence is not affected by quantization of sensor measurements,
the estimator is still minimax optimal even when the sensor
measurements are quantized at very low resolutions. The issues
of minimax optimality are covered in Section VI.
We close this section with a back-of-the-envelope analysis
of the tradeoff between communication costs and MSE. The
communication costs (per sensor) are dominated by in-network analog communication, and will scale approximately as
. For regression functions in common smoothness
classes (see Section VI), the MSE will scale approximately as

Comm. costs
The term involving is the price we pay for quantizing the
sensor measurements, while the logarithmic factor
is the
price we pay for cooperation among sensors.
IV. ENCODING AND DECODING
Given
pings

, we define the basic encoder and decoder mapand
via
and
. The composite mapping
is a uniform scalar quantizer with the levels
. We further define
for
. This operation is known in source coding as
all
uniform quantization with additive dither (see, e.g., [22, ch. 6]).
It was shown by Ziv [20] (see also [21]) that it leads to a universal quantization scheme that can achieve the CRDF within
0.754 bits per sample (see Section IV-A and Appendix B-1) for
details). The reconstructions are computed in two steps.
1) For every
, sensor computes
. Then it transmits a lossless binary encoding
of
to the FC. To get , the th sensor exchanges
messages with the rest of the network.
, decodes , and com2) The FC receives the
putes
for every .
We now describe a distributed algorithm for computing .
is an -tuple of i.i.d. integerFirst, note that
valued random variables. If the joint probability distribution
were known, then each sensor could indepenof
dently use a Huffman code [23] to encode its
. The resulting
per-sensor expected codelength would then be within one bit
, the conditional entropy of
given
and
of
, which is the minimum possible expected codelength [23].
In practice, however, both
and
have to be discretized.
Thus, for every , the th sensor would use a fixed discretizato
, where the possible
tion rule to map its
come from a finite subset of
, and
values of

Authorized licensed use limited to: IEEE Xplore. Downloaded on April 15, 2009 at 12:34 from IEEE Xplore. Restrictions apply.

1736

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 57, NO. 5, MAY 2009

then use a Huffman code matched to the joint distribution of
to describe its
to the FC. With judicious choice
of the discretization rule (which may, in principle, depend on ),
we would have
. However, the lack
precludes the use of predesigned codeof knowledge of
books. Instead, one has to resort to a universal method which
first uses the input sequence to acquire a statistical model for
the underlying source, and then encodes that sequence with a
code matched to the acquired model. One way of doing this is
to use sequential probability assignment [24] to build a predictive model of the data source. We apply this methodology here.
The key idea behind sequential probability assignment
and
denote specific realizations
is as follows. Let ,
,
and . Let us use the shorthand
of
for the discretized side information at the th sensor, and
let
denote its specific realization. Suppose
that sensor is informed of
and
, i.e., the quantizer indexes and the
discretized locations and dither signals of the “downstream”
, and can then run a fixed algorithm to
sensors 1 through
compute a sequence
of nonnegative reals
. This sequence assigns a
satisfying
given the observed values
conditional probability model to
of
and . The sensor can then use a Huffman code
using approximately
to encode its quantizer index
bits. The average number of bits
transmitted by the network is approximately

Fig. 2. Forward message passing scheme for entropy coding of the quantizer
indices.

more than
message passes. A designated sensor (say, the
last sensor in the routing path) then uses a fixed encoding of
the integers, such as the Elias scheme [25], to communicate
and
to the FC. Under
the values of
can be encoded using
the Elias representation, each
bits. Negative numbers can be
encoded by prepending a sign bit.1
, so
Without loss of generality, let us suppose that
that
. To obtain , let
(here,
can be any positive integer), then cover by disjoint cubes
and carve the interval
into disjoint
subintervals
. For each , let us pick a unique
and let
be the midpoint of . For
, let
if
and let
if
. Next, for
, define
(2)
, where
for every
Krichevsky–Trofimov (KT) estimator [26]

where the expectation is with respect to
and . In other
words, the “true” distribution
is approximated by the predictive distribution
. Decoding of the
’s is done
, the FC can use that
sequentially: having decoded
and its knowledge of
to compute the predictive model
and generate the corresponding codebook.
The idea here is that, as increases, the predictive model
approximates the true distribution more accurately, and, correspondingly, the average number of bits transmitted by each
sensor decreases with .
Now, a naive implementation of this approach would result
per-sensor communication complexity because the
in
amount of data each sensor would need to receive and/or
transmit would grow linearly with the position of the sensor
in the routing path. However, using a specific recursive algo,
rithm for computing the predictive models
we can both improve the communication complexity and
.
asymptotically approach the conditional entropy
In particular, under the assumptions stated in Section II, the
expected communication complexity will be on the order of
.
Our encoding algorithm works as follows. First, the senand
sors exchange messages to determine
. If sensor can send messages to sensors
and
,
and
can each be determined using simple
comparisons and then propagated to all the sensors with no

is the so-called

(3)
where

is the number of occurrences of
, and
is the number of values

in

the pair
can take. Note that
. From (3) it follows that for
admits the recursive representation

for all
the KT estimator

(4)
with
. Thus, the sensors can compute the preusing the following fordictive distributions
,
ward message passing scheme: for
1) sensor computes
for all , via (4)
;
and passes these to sensor
computes the
probabilities
2) sensor
via (2), designs a Huffman
given
, and encodes
using this
code for
code.
. Fig. 2 shows the
The total number of messages sent is
resulting information flow. The overall per-sensor communication complexity of computing and and the encoding of
is thus
.
1To save communication resources, the designated sensor can compute the
Elias encodings of and , transmit a one-bit flag to indicate whether or not
( )
( ), and follow this with the Elias encoding of
or , as appropriate.

L m <L m

m

m
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Remark 4.1: We note that, for each , the values of the KT
are integer multiples of
, and a simple
estimator
poscounting argument shows that there are at most
sible KT estimator tuples. Hence, instead of passing the full
, sensor can send a unique binary encoding
tuple to sensor
of this tuple, which will require at most

bits per sensor.
A. Analysis of Performance
We now analyze the performance of our encoding scheme
under the assumptions stated in Section II. We start by stating
an information-theoretic bound on the conditional entropy
, which is the minimum per-sensor encoding
when the encoding and the decoding are based
length for
on the side information
and . The following theorem is a
straightforward extension of the results of [21] to the case of
extra side information .
be jointly distributed according to
Theorem 4.1: Let
. The conditional entropy of
given
and satisfies
, where
is the conditional rate-distortion function of given .
Proof: See Appendix B.
Next, we show that the expected codelength of our sequential
:
encoding is close to
Theorem 4.2: The predictive distribution (2) satisfies
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V. ESTIMATION OF THE REGRESSION FUNCTION
We now describe the strategy the FC will use to estimate
the regression function once the data transmitted by the network have been received and decoded. Recall our assumption
. Pick a complete orthonormal system
that
in
. Then can be expanded in a
, where the Fourier coFourier series as
. We construct our
efficients are given by
estimator as follows. For any
, define
, where
is the sup
of nonnegative
norm. Choose an increasing sequence
reals (the cutoffs), such that
(8)
. For example, this condition is
where
satisfied in the following cases.
for all ,
• Uniformly bounded bases. If
.
then we can pick
• Wavelet bases. Let
and consider, for instance,
, defined by
the Haar system [27]
and
,
,
, where
. The index
is the scale, while is the location. We can re-index
using a single integer by defining
and setting
. Conversely, by defining
and
, we
. Then
for
can write
every , so
. Therefore, if we choose
, then
as
. In other words, we retain all wavelet coefficients
.
up to and including scale
, let the FC estimate by
For every

(5)
(9)
for some constant
.
Proof: See Appendix B.
Finally, using these two theorems together with the assumptions in Section II, we can characterize the overall performance
of the encoder as follows:
Theorem 4.3: Under the assumptions stated in Section II, the
following holds:
1) The average number of bits transmitted by the network to
the FC is bounded as

and then form the projection estimate
(10)
Thus, for each , the estimates are taken from the
mensional subspace
of
, spanned by

-di.

A. Analysis of Performance
(6)
where the sequence
converges to zero as
and depends only on
and
.
2) The average communication complexity of the encoder is
(7)
The constants
and
[cf. (1)].
rameters and of
Proof: See Appendix B.

depend only on the pa-

In this section, we show that the estimate
converges to
the regression function in the mean square sense and, moreover, that the quantization of sensor measurements does not
affect the rate of convergence. This robustness against quantization errors comes from the fact that, informally speaking,
dithering “whitens” the quantization error. Namely, each can
, where, conditionally on ,
has mean
be written as
zero and variance , and is independent of (see Appendix B
for details). Therefore, we have
. Moreover, the ’s are mutually conditionally independent given . Thus, dithering converts the centralized regression problem based on the original sensor data
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into a new regression problem based on noise-corrupted data
, which has the same regression function.
The effect of this noise is to increase the variance of each
[which in centralized case would be on the order of
] by
. In other words, we have the following.
Lemma 5.1: For any , defined in (9) satisfies

Proof: See Appendix B.
We can now state our result on the MSE of our estimator:
Theorem 5.1: The projection estimator (10) satisfies

to
now an oracle that knows and can choose the cutoff
minimize
over all . This oracle will choose
(14)
depends on
and
, which in turn depend
Note that
on the unknown function . However, as we now show, the FC
can obtain unbiased estimates of these quantities from and
and hence can mimic the oracle.
In particular, from Lemma 5.1 it follows that
. On the other hand, it is not hard to show that

(11)
, and the constant
depends
where
only on the parameters , of
. Moreover,
in
.
mean square as
Proof: See Appendix B.
From (11), we see that the MSE penalty for quantization is
, and that
on the order of

That is, quantization has no effect on the rate of convergence
of the MSE to zero. Therefore, provided that the number of
sensors is sufficiently large (i.e., the network is sufficiently
dense), communication resources can be saved by having the
sensors use very coarse quantizers to quantize their measurements. In fact, in our simulations we have found that the degradation of the MSE due to quantization is not very significant
(see Section VII), which makes our scheme suitable for low-rate
operation. As we have remarked above, this robustness of the
scheme to quantization errors is due to deliberate introduction
of noise in the form of dither. We comment on this further in
Section VIII.
B. Adaptive Choice of the Cutoffs
The above procedure for choosing the cutoffs
is overly
conservative, and may result in overfitting. We now suggest an
alternative, data-driven procedure for choosing the cutoffs based
on the idea of empirical risk minimization [1, sec. 7.4].
If a fixed cutoff is used, and is estimated by
where
are given by (9), then we can use Parseval’s identity to write the resulting MSE as
(12)

Defining

, we may rewrite (12) as

Hence,

. Now, because

is an unbiased estimator of
,
is an unbiased estimator of
. Moreover, as can be easily shown,
is an unbiased estimator of . Hence, the FC can
. Choosing an
estimate each summand in (14) by
increasing sequence
satisfying (8), the FC can now select
in a data-driven way as
the cutoff
(15)
We have found that this adaptive procedure for choosing the
cutoff leads to better empirical performance compared to simply
(see Section VII).
using
VI. MINIMAX OPTIMALITY
We now demonstrate that, as far as MSE is concerned, our
scheme is optimal in a certain sense. We consider the case when
and
is the uniform distribution on , i.e., the
sensors are deployed in a cube uniformly at random. We focus
, where
on the standard Gaussian noise model
is independent of , and the variance
is known to the FC. The only available information about is
that it lies in some infinite-dimensional function space . Here,
. Hence, we are interested in
.
based on an i.i.d. sequence
Consider estimating
drawn from
. According to
the minimax paradigm (see, e.g., [28] or [1] and references
therein), we seek sequences of estimators whose MSE approaches asymptotically the MMSE for the hardest-to-estimate
function in . Specifically, if we have a decreasing sequence
of nonnegative integers, such that the minimax risk2

(13)
By Parseval, the second term on the right-hand side of (13) is
equal to
, which is independent of
. Consider

(16)
2The notation a
is defined similarly.

b

means that a
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then

any

sequence

of

estimators
satisfying
with some constant
is said to be minimax optimal for . The sequence
then characterizes the minimax rate of convergence. Note
that the minimization domain in (16) includes all estimators
. In the following, we show
based on
that the projection estimator (10) is minimax optimal for two
function classes commonly used in the theory of nonparametric
estimation, namely analytic and Lipschitz. In each case, the
corresponding minimax lower bound is attained by choosing
the cutoff to minimize the sum of the variance and the bias
terms in the MSE. We also remark that the same reasoning can
be used to show that our scheme attains minimax optimality on
any function class for which there exists a minimax estimator
that uses the unquantized samples to estimate the Fourier
rate.
coefficients in a suitable basis at the “parametric”
This includes, e.g., Sobolev, Hölder, and Besov spaces [1], [27].
A. Analytic Functions
lies in the class
,
and
with each
, which consists of all functions
that are 1-periodic in each of their arguto the strip
ments and can be analytically continued from
in such a way that
on . Define the trigonometric basis for
:
Suppose

(17)
in
,
and consider the tensor-product basis
with each
, and
where
. Then the Fourier coefficients
of in sat, where
, and is a
isfy
and , but not on [29]. It can be
constant that depends on
, where
is a constant
shown that
that depends on , and
[29]. Now consider the projection
estimator
of from (10). Choosing
for
, we see that the cutoff
satisfies condition (8). Thus

where the first inequality follows from Theorem 5.1, and the
second from the bound on
for
, The constants
and
depend on , ,
and . Hence,
is minimax
.
optimal for
B. Lipschitz Functions
Another commonly used function space is the space of Lip, and suppose that belongs to
schitz functions. Let
for some
,
and
the class
, which consists of all bounded, 1-periodic functions
satisfying
for
all
. Here,
is the th derivative of . Then the
of in the trigonometric basis (17) satFourier coefficients
isfy
, where
, and is a constant
that depends on , and , but not on [30]. When
,
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[1]. Con, then condition (8) is

it can be shown that
versely, if we choose
satisfied, and

where the first inequality follows from Theorem 5.1, and the
for
Lip
. The
second from the bound on
constants
and
depend on , ,
and . Hence,
is minimax optimal for Lip
with
. Similar bounds
that are Lipschitz in
can be proved, e.g., for functions on
each of their arguments.
VII. EXPERIMENTS
We have tested the performance of our scheme via simulations. In this section, we report the results for two observation
models:
;
1) additive Gaussian noise:
.
2) multiplicative Gaussian noise:
, and
The underlying domain is the unit square
Normal
is independent of
with
.
The function , shown in Fig. 5 (left), is given by
, where
and
are the coordinates
of a point
. This function is a linear combination of a
number of sinusoids and a rapidly decaying exponential term,
and
, i.e.,
.
and is Lipschitz with
100, 500,
We experimented with three network sizes
1000, where in each case sensors were placed in
uniformly at random. The projection estimator was based on the
tensor-product basis formed from the trigonometric basis (17)
. Cutoffs were selected using two methods: In the
for
first, we took the minimax-optimal cutoffs
,
while in the second, we used an adaptive procedure based on
(15). For each , the positions of the sensors and the dither signals were discretized by independently quantizing them into
cells, where
. Simulation results are shown in
Fig. 3. We now highlight the main insights.
For additive noise, Fig. 3(a) shows that, for a given value of
, the average number of bits per sensor is above the theoretical bound of Theorem 4.1 (note that in this case the conditional
rate-distortion function is simply the rate-distortion function of
the Gaussian noise; see Appendix A for details). The gap between the empirical performance and the theoretical bound is
a combination of an approximation error due to discretization
of the sensor locations and the dither signals, and an estimation
error of the universal entropy coder. However, this gap closes
as we increase the number of sensors or decrease the quantizer
resolution. For multiplicative Gaussian noise [Fig. 3(b)], we did
not compute the conditional rate-distortion function. However,
the empirical results show that the bit rates are already quite low
and
, the bit rate is less than 2 bits per
(for
sensor).
)
Fig. 3(c) and (d) shows the effective alphabet size (i.e.,
versus for the chosen values of both for additive and multiplicative noise. We find, as expected from our theory, that the
effective alphabet size increases as we increase the network size
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Fig. 4. Average bits per sensor versus sensor number for network size n
.

100

=

Fig. 5. The original function (left) and its reconstructions using adaptive cutoff
selection for the additive (middle) and the multiplicative (right) Gaussian noise
). The dots indicate the sensor locations.
models ("
: ,n

= 0 2 = 1000

Fig. 3. Simulation results: average bit rate per sensor versus " (a) with additive Gaussian noise and (b) with multiplicative Gaussian noise; effective alphabet size versus " (c) with additive Gaussian noise and (d) multiplicative
Gaussian noise; MSE versus " (e) with adaptively selected cutoffs and (f) with
minimax-optimal cutoffs in additive Gaussian noise; MSE versus " (g) with
adaptively selected cutoffs and (h) with minimax-optimal cutoffs in multiplicative Gaussian noise.

(for a given quantizer resolution), whereas decreasing the quantizer resolution (for a given network size) decreases the effective
alphabet size. In general, for a given quantizer resolution and
network size, the effective alphabet size is slightly higher in the
presence of multiplicative noise than in the presence of additive
noise. Note also that, although increases with , the average
number of bits transmitted by the network decreases with and,
for large and .
in particular, is much smaller than
The encoding algorithm of Section IV is based on a distributed implementation of the KT estimator, where the sensors
exchange messages to update their conditional probability
models used for lossless coding of quantizer indices. On average, the number of outgoing bits should decrease as messages
propagate from lower numbered sensors to higher numbered

ones, as shown in Fig. 4 for
and
. Notice that
the average number of bits per sensor is below 2.
Fig. 3(e)–(h) shows that the degradation of the MSE due to
quantization is not very appreciable (the MSE versus curves
are essentially flat). This makes our scheme attractive for situations that call for low communication rates, since we can use
low-resolution quantizers in dense networks. We also find that
selecting cutoffs adaptively leads to significantly better performance compared to nonadaptive cutoff choice, especially for
and 1000. For example, in the additive
network sizes
noise case, the adaptive MSE is 0.3 versus the nonadaptive
MSE of 0.72 for
, while for
the adaptive
MSE is 0.2 versus the nonadaptive MSE of 0.65. Similar
comparisons can be made for the multiplicative case as well,
which indicates that choosing cutoffs adaptively based on the
data leads to superior performance.
Finally, Fig. 5 shows the reconstructions of the original function (left) with adaptively chosen cutoffs for additive (middle)
and
.
and multiplicative (right) noise, for
Note that the reconstruction is not only good in the global sense
of having small MSE, but also retains all the major features of
the underlying function.
VIII. SUMMARY AND FUTURE DIRECTIONS
We have proposed, analyzed and evaluated a novel scheme
for rate-constrained distributed nonparametric regression using
a wireless sensor network. The scheme is as follows:
• low-complexity, requiring the sensors to carry out standard signal-processing tasks such as uniform scalar quantization, as well as simple in-network message passing;
• universal, requiring very minimal assumptions on the joint
probability distribution of the locations and the measurements of the sensors;
• minimax optimal, attaining minimax MSE convergence
rates for commonly used smoothness classes.
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TABLE I
A COMPARISON OF SOME PRIOR WORK WITH THE SCHEME OF THIS PAPER
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be some other random variable jointly distributed with
Let
, and let
denote the set of all random variables
jointly distributed with
and satisfying the constraint
. If both the description and the reconstruccan also depend on , then the minimum required
tion of
number of bits is given by the conditional rate-distortion
function [32], [33]
(A2)

bps = bits per sensor.

A particularly attractive feature of our scheme is that it can
support low communication rates yet remain minimax optimal.
Hence, in a sufficiently dense network, the sensors can quantize
their measurements at very low resolutions, leading to significant savings of communication resources. Our simulations show
that the empirical performance of the scheme is close to that
predicted by the theory and that the effect of the quantization
on the MSE is not very significant when the network is sufficiently dense. This robustness to quantization is essentially due
to random dithering. The necessity of using randomized quantizers in distributed estimation has been already recognized, for
example, by Xiao and Luo [31] in the parametric setting and,
more recently, by Wang and Ishwar [9] in the nonparametric
setting. Table I gives a comparative listing of the features of
our scheme versus the parametric schemes based on distributed
source coding (DSC) [10]–[13] and the nonparametric schemes
of Predd et al. [6] and Wang and Ishwar [9].
We close by outlining some directions for future work. First,
we would like to develop extensions of our scheme that would
make it resilient against channel noise and sensor localization
errors. Also, our distributed encoding procedure assumes that a
routing path has been established in the network beforehand. To
eliminate this dependence on routing, we would like to design
an efficient iterative procedure in the spirit of belief propagation
techniques [19], where every sensor would broadcast its current probability assignment to all sensors in a small neighborhood around it. Finally, a direction worth pursuing is using wireless sensor networks for nonparametric distributed regression
of time-varying spatial fields, allowing for dependence across
time.

with

APPENDIX B
PROOFS
A. Proof of Theorem 4.1
We closely follow the arguments of Zamir and Feder [21]. Let
. We start by proving that
(B3)
where
tween

and
, let

is the conditional mutual information begiven . For fixed realizations
and
. Then

(B4)

where we have defined
of
given

APPENDIX A
CONDITIONAL RATE-DISTORTION FUNCTION
Let

is the conditional mutual information bewhere
and
given . The minimization domain in (A2)
tween
includes all random variables
that are independent of , for
. Moreover, the minimization
which
independent of . Hence,
domain in (A1) can be limited to
. A useful fact about conditional rate-distortion functions is that, for any function of ,
, where
[32]. Moreover, if
is in. As an example, if
dependent of , then
, where is a deterministic function of and
is independent of , then
, the rate-distortion function of .

. The conditional pdf
is just the convolution

be a real-valued random variable. Given
, let
be the set of all random variables
jointly distributed
and satisfying the second-moment constraint
. The rate-distortion function of , defined as [23]
(A1)

where
is the mutual information between and ,
is the minimum number of bits needed to describe in order to
reconstruct it with a MSE of . For example, if is Gaussian
with variance , then [23]

(B5)

Comparing (B4) with (B5), we can write
with
. Using
these facts and the definition of the conditional entropy, it is
easy to show that

Next, we show that

.
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where
(B7)

where we have defined the marginal distributions
. Taking logarithms, summing over , and
and , we get
taking the expectation with respect to

The supremum is over all joint pdf’s of and such that the
jointly
second moment of is bounded by . Consider any
independently of and satisfying
distributed with
(B8)
. Hence,
. Following now exactly the same steps as in [21], but with an additional conditioning on , we get the bound
. Now, because
satisfies
by the definition of . Hence,
(B8),
holds for every
satisfying
that achieves the conditional rate-distor(B8), including the
tion function (which can be chosen independently of ). This
proves (B6).
It remains to derive an upper bound on . The supremum in
such that
. The dither
(B7) is over all
satisfies
, as well, so we see that the channel output
must satisfy the constraint
Now, from (B3) we have

(B9)
Using standard information-theoretic identities, we can write
,
. Thus,
where
. The random variable
that maximizes
under the constraint (B9) is Gaussian with
. Hence,
, which is approximately
equal to 0.754 bits per sample.

(B11)
where the inequality follows from the fact that the divergence is
nonnegative [23, ch. 2]. On the other hand

(B12)
Combining (B10)–(B12), we get (5), which proves the theorem.
C. Proof of Theorem 4.3
The overall binary message sent to the FC consists of two
parts: 1) the Elias encoding of and and 2) the concatenation of the individual binary messages sent by the sensors. The
.
lengths of both of these are determined by
We have

B. Proof of Theorem 4.2
Note first that the KT estimators
, the predictive distri, and the “true” joint distribution
of
and
butions
are all conditioned on . Hence, all expectations
and are actually conditional expectations given ,
w.r.t.
but we shall omit this conditioning for brevity. We shall also
suppress the dependence of
and
on
and
, respectively.
Recall the definition of the information divergence (or relative
entropy) between two probability distributions and over a
finite or countable set [23, ch. 2]:
.
We begin by writing down the key property of the KT estimator
such that
[26]: there exists a universal constant

Now, each , given , is sub-Gaussian with parameters
. Using Jensen’s inequality and (1), we have

(B10)
where
ization of

. This bound holds for every real. Next, we write

for any

. Therefore
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for every
. Choosing to minimize the right-hand side of
this expression, we get

Hence,
. The average number
of bits needed to transmit the Elias encodings of
and
to the FC is on the order of
, which can in turn
be bounded as
. Moreover, by Theorem 4.2, the overall expected
length of the individual binary messages from each sensor to the
FC is bounded by
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Also,

The lemma is proved.
E. Proof of Theorem 5.1
From Parseval’s identity,

where

depends on
and . Because the densities
are continuous functions of their arguments
on the interiors of their respective domains, and because the
and
get increasdeterministic discretizations
, the conditional entropy
ingly fine as
can be written as
, where
.
By Theorem 4.1, we have
bits per sample. Putting together all these facts, we conclude
that (6) holds with some
. Finally, the average
communication complexity of the encoder (i.e., the number of
messages exchanged by the sensors) is

for some

. This yields (7).

D. Proof of Lemma 5.1
We begin by noting that

Taking expectations and applying Lemma 5.1, we get

Noting that
can be bounded by some constant
,
we get (11). This, together with the decay condition (8) and the
as
, in turn implies the mean-square
fact that
convergence of
to .
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where in the last step we have used the fact that
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