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The origins of mathematical control theory can be traced back to
James Clerk Maxwell’s 1868 paper “On Governors,” which phrased the
question of stability of James Watt’s centrifugal governor in terms of
a numerical criterion involving roots of polynomials. The early days
of feedback control as a separate discipline saw widespread use of
frequency domain methods based on Fourier and Laplace transforms,
with pioneering contributions by Hendrik Bode (r940), Harry Nyquist
(1932), and others during the 1930s—1940s. The underlying paradigm
viewed systems in terms of their external (input/output) behavior,
which was described mathematically using so-called transfer functions,
that is, proper rational functions of a single complex variable. The
criterion of (external) stability, worked out by Maxwell for second-
and third-order systems and later in full generality by Edward Routh
(1877) and Adolf Hurwitz (1895), pertained to the poles of the transfer
function. A system described in this way receives inputs (or stimuli)
from its environment, reacts by producing outputs (or responses), and
canbe controlled by meansof output-to-inputfeedback. Thisstimulus—
response view was rather influential even beyond control theory, for
example, in psychology and physiology, and it was adopted by Norbert
Wiener (1948) in his book on cybernetics. The extension of these ideas
to stochastic systems, where stationary processes were modeled in the
frequency domain by their spectral densities, led to the seminal results
on linear filtering by Andrey Kolmogorov and Wiener.

However, a number of limitations of this paradigm soon became
apparent. The most obvious one was that it dealt primarily with time-

invariantsystems, thatis, systems whose input—outputbehavior did not
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depend on time explicitly. Classical transform-based methods were not
equipped to handle time-varying systems in a straightforward way, and
the mathematical and computational challenges involved in extending
the Kolmogorov—Wiener filtering theory to nonstationary processes
were rather considerable. In addition, the classical theory was developed
for single-input, single-output systems, whereas in many engineering
applications (such as chemical process control) one would routinely
deal with systems where several output variables had to be regulated
simultaneously by manipulating several input variables. The ad hoc
approach of reducing these multivariable control problems to a series
of single-input, single-output problems lacked principled justification.
Finally, stability analysis based on external input-output behavior
could not account for the presence of internal instabilities, which in
turn could not be compensated using output-to-input feedback. Taken
together, all of this was evidence that the field of control systems was
facingwhat Thomas Kuhnreferred toasacrisisinhisbook The Structure
of Scientific Revolutions, that is, the situation where the explanatory
framework based on the current paradigm starts breaking down as
various anomalies accumulate.

The paradigm shift precipitated by this crisis occurred around
1960, and can be traced almost entirely to several pioneering papers by
Rudolf Kilmén, including “Contributions to the Theory of Optimal
Control.” The influence of these works on the field of control systems
is well-documented elsewhere.H Our interest here is in the fundamental
contributions of this paper to the science of complexity.

I have already mentioned that, before the work of Kdlmén, control
systems were approached from the external perspective, i.e., as input—
output transformations subject to the criteria of causality, linearity, and

timeinvariance. In thissetting, the (scalar-valued) inputu(-) and output

"The credit for the idea of viewing the state of affairs in pre-1960s control theory
through the Kuhnian lens belongs to Prof. Sanjoy K. Mitter of MIT.

*See, e.g., the edited volume Control Theory: Twenty-Five Seminal Papers (1932-1981)
published in 2001 by IEEE Press.
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y(-) are related by the convolution integral

y(t) = /000 h(t — 7)u(7)dr, t>0 (1)

where the function h(-), called the impulse response of the system, plays
the same role as Green’s function in linear partial differential equations
of mathematical physics. The transfer function of the system is the
Laplace transform of h. Kdlmdn augmented the external input/output
picture with an internal szate that represented the system’s memory.
The corresponding state-space description of a linear system consists

of coupled first-order linear differential equations of the form
#(t) = F)z(t) + G{)u(t),  y(t) = H(t)z(t) (2)

where theinputu(t), theinternal state 2(¢), and the output y(¢) are now
vector-valued, and F(t), G(t), and H(t) are time-dependent matrices of
appropriate shapes. The system (E) is still causal and linear, but it is
now (possibly) time-varying. In the time-invariant case, i.e., when the
matrices I, G, and H are constant, one can eliminate the internal state
and recover the convolution integral () under the assumption that the
system is initially at rest, i.e., (0) = 0. However, the scope of the
new description is much wider; in particular, it is now possible to treat
both scalar (single-input, single-output) and multivariable systems on
the same footing. Whereas classical control theory of Bode and Nyquist
was phrased almost exclusively in the frequency domain and used the
machinery of Fourier and Laplace transforms, modern control theory
a la Kdlmdn is a time-domain theory, and its mathematical language is
that of differential equations and linear algebra.

While the introduction of first-order differential equations for the
system state was a forward-looking move for control theory, it was also
a return to the mathematical formalism of classical mechanics, going
back to the foundational works of Lagrange, Lyapunov, and Poincaré.
This rapprochement with the theory of dynamical systems had brought
to the fore the key notion of stability, which could now be phrased
from an internal point of view in terms of the origin of the state space
being the unique equilibrium configuration of the system. However,

the presence of external input u(t) in (lE) constituted a radical departure
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from the conceptual framework of classical physics. Dynamical systems
of classical mechanics are closed systems subject to the iron law of
Laplacian determinism: The state z(¢) at a given time t completely
determines the future state trajectory x(t') for all ' > ¢. By contrast,
the dynamical systems of control theory are open systems whose motion
can be manipulated through their inputs. Thus, the knowledge of z(t')
for t' < t does not seal the future fate of the system because the latter
depends on the future inputs u(t') for ¢ > t. This also speaks to the
fundamental distinction between physics as the domain of discovery
of natural laws, and analysis of phenomena subject to these laws, and
engineering as the domain of invention and synthesis of systems with a
given purpose in mind.

This brings us now to what Kdlmdn himself viewed as the “principal
contribution” of his paper, namely the concepts of controllability and
observability, two entirely new notions that make sense only in light of
the state-space view. Roughly speaking, the system (lg) is controllable
if, for any initial state o, any final state 1, and any times tg <
t1, there exists an input u(t) defined for t¢ < t < tj, such that
the state trajectory of (E) with that input connects z(ty) = ¢ to
x(t1) = x1. The system is observable if, given the output trajectory
y(t) from ty to t1, one can reconstruct the initial state (E(to).a Both
controllability and observability relate the external attributes of the
system (namely, its inputs and outputs) to its internal state and
hence to its internal organization. Moreover, Kdlmdn gave necessary
and sufficient conditions for controllability in terms of the so-called
controllability Gmmz’ang and, in the case of time-invariant systems, in
terms of easily verified rank conditions for certain matrices.

The conceptof controllability also leads naturally to the question of
optimality, which can be addressed using calculus of variations—again,
here we see at once a deep connection with the variational formulation

of classical mechanics due to Lagrange and Hamilton and adeep rupture

3This interpretation of observability, which appeared in another paper of Kalman
published in the same year, is not present in this work, where he simply introduces it
using duality of vector spaces.

*The terms “controllability Gramian” and “observability Gramian” were coined by Roger
W. Brockett in his pioneering textbook Finite-Dimensional Linear Systems (1970).
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withitdue to the presence of external inputs amenable to manipulation.
Assuming the system (E) is controllable, we now seek to accomplish
the transfer from a given starting state x to a given ending state z1 in
time ¢ in the most economical (or, as Kdlmdn put it, “rational”) way by

minimizing the energy-like quantity

3 | lu)Par =3 [ Tutrar )

over all input or control functions wu(-) subject to the endpoint
constraints £(0) = =z and z(t) = x; and to the dynamical law
in (E) Kdlmdn connects this problem to Constantin Carathéodory’s
formulation of calculus of variations and thus to the partial differential
equations of Hamilton and Jacobi. However, while the variational
formulation of classical mechanics is primarily an explanatory schema
that deduces the laws of motion of existing physical systems from the
principle of least action, a control engineer’s invocation of calculus of
variations is explicitly teleological, seeking to synthesize a control law
to align given means with desired ends in the most economical manner.
This was a major ingredient in the solution of a more general problem
posed by Kdlmdn in the 1960 paper, now commonly known as the
Linear—Quadratic Regulator (LQR) problem.

By reconciling the external (input-output) and the internal (state-
space) perspectives, Kdlmdn made it possible to speak in a unified
way to the interplay between structure, organization, and function
of open dynamical systems, both natural and artificial. I will now
sketch the influence of these ideas on the science of complexity in
the context of chaos, dissipativity, and complex networks. To keep the
exposition simple, I will not touch upon the extensions of the concepts
of controllability and observability to nonlinear systems.

Chaotic systems, such as the Lorenz model, exhibit a high degree
of sensitivity to their initial conditions; in particular, they can have
bounded but exponentially unstable trajectories. While deterministic
chaos imposes severe limits on our ability to forecast the long-term
behavior of such systems, italsoimplies that we can induce large changes
in their trajectories using small control effort. To see how this can

come about, consider a controlled nonlinear system of the form @(t) =
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f(z(t),u(t)) with input u(t) and state z(t), which is chaotic in the
absence of control, that is, the trajectories of @(t) = f(z(t),0) are
bounded but unstable. We can then consider the control-free trajectory
©(t) = ¢(t, o) for a given initial condition ¢(0, z9) = z¢ and linearize

the original system around this trajectory:
2(t) = F(t)z(t) + G(t)u(t), (4)

where we have defined

_of

N % z=p(t),u=0
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The chaotic behavior of the control-free dynamics can now be
quantified by means of Lyapunov exponents at o that describe the rate
of exponential growth of the eigenvalues of F(t) as ¢ increases; by the
same token, we can quantify the sensitivity of the linearized system (E)
to small deviations of the control input u(t) from 0 in terms of the
asymptotic behavior of its controllability Gramian, which depends on
both F(-) and G(-) in (li) In particular, as ¢ gets large, we can induce
very large changes in z(t) using very small control effort, as given by (E)

Dissipativity, anotherkey conceptin the science of complex systems,
can also be viewed through the lens of state-space systems with inputs
and outputs. Familiar examples of dissipative systems include electrical
circuits, thermodynamic systems, and viscoelastic materials, which
dissipate some of their energy into the environment in the form of heat.
Onceagain,letus considerasystem with controlled state dynamics given
by @(t) = f(«(t),u(t)) with input u(t) and state 2(¢), but now suppose
that the system also produces an output y(t) = g(z(t)). The following
definition of dissipativity was put forward by Jan Willems (19724): The
abovesystemisdissipativeif there existasupply-rate function W of input
and output and a storage function S of state, such that the dissipation
inequality

t1

W (u(t),y(t))dt = S(x(t1)) — S(z(to)) (6)

to

holds for all times t9 < t; and all input/state/output trajectories
u(t), z(t),y(t). Dissipativity imposes certain limitations on both the

internal organization of the system and on its interaction with its
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environment through its inputs and outputs. In operational terms, it
is useful to think of the supply rate as determining the work done on
the system by manipulating its inputs. Thus, the dissipation inequality
(E) specifies a fundamental lower bound on the amount of work needed
to transfer the system from a given initial state x(to) at time ¢y to a
given final state z(¢1) at time 1. A key question in connection with
dissipativity is to decide whether a given system is dissipative and,
if so, to give explicit expressions for the supply rate and the storage
function. For time-invariant linear systems described by models like (H)
with constant matrices F', GG, and H, these questions can be answered
by appealing to Kdlmdn’s results on the LQR problem and, hence,
to notions of controllability and observability. Finally, to relate this
control-theoretic notion of dissipativity to the corresponding notion
in the theory of complex systems having to do with the (exponential)
decrease of some energy-like observable along the system trajectory, it
suffices to note that, in many cases of interest, the storage function S is
also a Lyapunov function for the free (i.e., uncontrolled) motion of the
system.

Finally, we mention the notion of structural controllability,
introduced by C.-T. Lin (L 974) for time-invariant, single-input systems
and extended to multi-input systems by R. W. Shields and J. B. Pearson
(1976). The main idea here is to view the system (E) as a time-varying
network by associating each coordinate of the system’s state vector with
avertex of a directed graph, so that there is a directed edge (or arc) from
vertex ¢ to vertex j at time ¢ if the (j,7) entry of the matrix F'(¢) in (H)
is nonzero. Similarly, one can introduce control vertices or nodes by
associating one such node to each coordinate of the input vector, so that
itbecomes natural to say that control vertex £ influences state vertex ¢ at
time t if the (¢, k) entry of the matrix G(¢) in (lg) isnonzero. The original
motivation for introducing the notion of structural controllability for
linear time-invariant systems was stated in terms of inherent limitations
on the precision of system models; for example, while we may know with
certainty which entries of the ' and G matrices are zero, the nonzero
entries may only be known up to some measurement error. Thus, the
goal was to consider simultaneously all systems with a given structure,

that is, the same pattern of nonzero entries in the system matrices.
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Another perspective on the role of structure is to ask whether one can
control the global behaviorofalarge network by means oflocally applied
inputs affecting only a small subset of the state vertices. By combining
thealgebraicideas of Kdlmdn with various notions of graph theory, such
as matchings or independent sets, we can now reason quantitatively
about the dynamics of complex networked systems with applications
in economics, systems biology, neuroscience, social networks, physics
of disordered systems, and much more.

In addition to enriching the toolkit of complexity science with
the formalism of open dynamical systems via input-state-output
descriptions and the notions of controllability and observability, an
equally important contribution of Kdlmdn is along the algorithmic
and computational aspects. His solutions of the optimal (minimum-
energy) state transfer and of the more general LQR problem came with
concrete algorithms that could be implemented on digital computers
that were just beginning to be used by scientists and engineers. The
recursive nature of state-space models lent itself to efficient computer
implementation, which was key to the widespread adoption of the
celebrated Kdlmidn filter that was also introduced in 1960, the annus
mirabilis of mathematical systems theory. This fortuitous confluence of
state-space models and efficient algorithms was ultimately responsible
for the emergence of computer simulation as an indispensable tool in
the science of complexity, especially when dealing with nonlinear and
stochastic systems and complex networks consisting of many interacting

subsystems. &
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